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In this paper, we first introduce a new graph I' (/") over an extension /" of semigroups and after that we study and characterize the
spectral properties such as the diameter, girth, maximum and minimum degrees, domination number, chromatic number, clique
number, degree sequence, irregularity index, and also perfectness for I (/). Moreover, we state and prove some important known

Zagreb indices on this new graph.

1. Introduction and Preliminaries

Semigroups are one of the types of algebra to which the
methods of universal algebra are applied. During the last
three decades, graph theory has established itself as an
important mathematical tool in a wide variety of subjects.
One of the several ways to study the algebraic structures in
mathematics is to consider the relations between graph
theory and semigroup theory known as algebraic graph
theory. Cayley graphs of semigroups have been extensively
studied, and many interesting results have been obtained
(see [1].) On the other hand, zero-divisor graph of a
commutative semigroup with zero has also been studied by
many authors (for example, see [2]). These developments of
algebraic structure indicate that it is important to study the
graph of a semigroup.

When a new structure appears, it is necessary to in-
vestigate the properties. For example, in [3], the author
considered a new product and gave some properties on a
special product of semigroups (and monoids). Similarly, in
[4], we established a new class of semigroups /" based on
both Rees matrix and completely 0-simple semigroups. We
further presented some fundamental properties and finite-
ness conditions for this new structure. Furthermore, we first
showed that /" satisfies two important homological prop-
erties, namely, Rees short exact sequence and short five
lemma. In addition, by defining inversive semigroup

varieties of //, we proved that strictly inverse semigroup /'
is isomorphic to the spined product of (C)-inversive
semigroup and the idempotent semigroup of .#". Moreover,
we gave some consequences of the results to make a detailed
classification over .#. On the other hand, we proved Green’s
theorem over /" by showing the existence of Green’s lemma.
In this paper, we more deeply investigate the place of /4 in
the literature by means of graph theory. In [5], the authors
presented similar study on semidirect products of monoids.

Some basic preliminaries, useful notations, and valuable
mathematical terminologies needed in what follows are
prescribed. Note that a graph G is an order pair
(V(G), E(G)) of anonempty vertex set V (G) and an edge set
E(G). For all undefined notions and notations, we refer the
reader to [6].

Recall that the girth of a graph G is the length of the
shortest cycle in G, if G has a cycle; otherwise, we say the
girth of G is co. The distance between vertices u and w,
denoted by d (1, w), is the length of a minimal path from u to
w. If there is no path from u to w, we say that the distance
between u and w is 0o. The diameter of a connected graph G
is the maximum distance between two vertices, and it is
denoted by diam (G).

Rees matrix semigroups were first introduced by Rees
[7], although they were implicitly present in Suschkewitsch.
Let S be a semigroup, let I and ] be two index sets, and let P
be a J x I matrix with entries from S. The set
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IxSx]={G,sjliel,seS je]} (1)

with multiplication defined by
(ia S, j) (k’ t) l) :(ia Sp]kt) l): (2)

is a semigroup. This semigroup is called a Rees matrix
semigroup. Now, it is known that the form of elements of the
semigroup ' is as follows:

N ={(r;,0¢) or (0g, ¢i) or (7, ¢1)

or (05,05)[1<i<nand1<j<ml}.

(3)

Let us write ./ in more detail.
. #0
=0
. #0
¢ =0.

r;=0 (1<k<m)or
r; #0
r;#0

r;=0

(1<i<n) or

N ={(rpq)} = (1<k<m)and (1<j<m)or

(4)

Here, every r; and ¢, are elements of Rees matrix
semigroup (M) and completely 0-simple semigroup (M),
respectively. Actually, we know that the semigroup /4
consists of the semigroup S and the group G (see [4] for more
details). Moreover, we can keep in our mind the diagram in
Figure 1 for the semigroup /.

We note that index sets mentioned in 4" are assumed to
be single elements and [S| = m, |G| = n. Now we give the
description of the graph focused in this paper. Let I' (/) be
graph for the semigroup /.

The vertices are all elements of .4/, and any two distinct
vertices (r;,¢;) and (r,,c,) are adjacent in case of

() r;=r, and ¢,c, #0 or
(ii) ¢t = ¢, and r;, 7, #0 or

(iii) (r;,c) * (rt,cp) =0

Example 1. If S = {0, s,,5,,5;} and G = {05, g,}, then we
have

N ={(05,05), (0, ¢1), (r1,06), (r1>¢1)s (72,06), (12, ¢1),

(3,06), (3, ¢1)}
(5)

where r,,7,, and 15 are Rees matrix semigroups created by I
and J index sets and the semigroup S. On the other hand, c,
is a completely simple semigroup created by I and J index
sets and the group G. The graph of ./ is as drawn in Figure 2.

One may address three major problems related to graph
theory when a new structure emerges: definition, spectral
properties for classification, and topological indices of the
graph. In this paper, we focus on all of those for the graph
().

2. Spectral Properties of I' (/)

In this section, by considering the graph I' (/") defined in the
first section, we will mainly deal with the graph properties,
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F1GURE 1: The diagram for the semigroup /4.

(r3, ¢1) (0g, 1)

(3 0) (r, 0g)

(05\0¢

(rpe)™ (ri> ¢1)

(7'2, OG)

FIGURE 2: An example of the graph I' (/).

namely, diameter, girth, maximum and minimum degrees,
domination number, irregularity index, chromatic number,
and clique number.

Theorem 1. If |S| >2 and |G| >2, then the diameter of the
graph I'(N) is 2.

Proof. In the graph of the semigroup ./, it is clear that the
vertex (0O, 0;) is adjacent to every vertex. So, the diameter
can be figured out by considering the distance between this
vertex and one of the other vertices in the vertex set.
Therefore, by calculating the eccentricity, any vertex with
another neighborhood of a vertex (0g,0;) is absolutely
considered. We finally get diam(I'(/4)) =2, as
required. O

Theorem 2. For the semigroup /N, the girth of the graph
(W) is 3.

Proof. By considering the definition of I'(//), the length of
the shortest cycle in T' (/) is 3. So, the girth of the graph
L'(A)is 3. O

The degree of a vertex v is the number of edges incident
to v, and it is denoted as deg(v). Among all degrees, the
maximum degree A (G) and the minimum degree 6 (G) of G
are the number of the largest degree and the number of the
smallest degree in G, respectively.
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Theorem 3. For the semigroup JV, the maximum and
minimum degrees of the graph I' (/) are

ATN)=m-n—1andS(T(AN)) =m+n-3. (6)

Proof. Let us consider the vertex (Og,0g), (;,05), (0g,¢;),
(r;¢) of T(AN). Firstly, we deal with the vertex (0g,0g).
Since this vertex is adjacent to every vertex, the degree of
(05, 05) is [S] - |G| — 1. By considering the definition of T' (),
degrees for the both of the vertices (r;,05) and (0g,c;) are
m+n— 2. Moreover, the degree of (r;,¢;) is m+mn—3.
Therefore, the maximum degree of the graph I' (/W) ism - n -1
and the minimum degree of the graph I'(A) ism +n—-3. O

The degree sequence is the list of degree of all the vertices
of the graph. This sequence is denoted by DS(G) for the
graph G. In [8], the author defined a new parameter for
graphs which is called irregularity index of G and denoted by
t(G). In fact, irregularity index is the number of distinct
terms in the list of degree sequence.

Theorem 4. Let m and n be the orders of the group G and the
semigroup S, respectively. The degree sequence and irregu-
larity index of I'(N) are given by

DS(W)={m+n-3,m+n-3,....m+n-3,m

sm+n—2,m+n-—1}

(7)

+n-2,m+n—-2,...

and t(G) = 3, respectively.

Proof. The main idea of the proof is to consider whether the
degree of each vertex is the same. In accordance with def-
inition of the graph T (//), the answer is clearly no. We know
that the wvertices of T(/) are of the form
(04,05), (r;,05), (0g,¢t), and (r;,¢;). Firstly, we consider
the vertex (0O, 05). By definition of I' (,/), the vertex (0O, 0g)
is adjacent to every vertex. So, the degree of vertex (0, 05) is
n-m — 1. Similarly, we consider the vertex types of (r;,0s)
and (0g,c;). The degrees of these vertices are same and
m + n — 2. Finally, the degree of (r;,¢;) is m +n — 3 via the
definition of T (/). Therefore, we have DS(/) =
m+n-3,m+n-3,..., m+n-3,m+n-2,m+n-2,

..,m+n-—2,m+n- 1} and the number of distinct terms
in the list of DS(/) is 3. So, t(G) = 3. O

A subset D of the vertex set V (G) of a graph G is called a
dominating set if every vertex V (G)/D is joined to at least
one vertex of D by an edge. Additionally, the domination
number y(G) is the number of vertices in the smallest
dominating set for G (see [6]).

Theorem 5. For the semigroup N, y(I'(A)) = L.
Proof. Let us consider the graph I' (/). The vertex (0, 05) is

adjacent to every vertex. So, the domination number of this
graph is 1.

Graph coloring is an assignment of labels, called colors,
to the vertices of a graph such that no two adjacent vertices
share the same color. The chromatic number y (G) of a graph
G is the minimal number of colors for which such an as-
signment is possible. On the other hand, a clique is a subset
of vertices of an undirected graph such that every two
distinct vertices in the clique are adjacent. A maximum
clique of a graph is a clique, such that there is no clique with
more vertices. Moreover, the clique number w (G) of a graph
G is the number of vertices in a maximum clique in G.
Clearly, x(G) > w(G) for every graph G, but equality need
not hold. For example, if G is an odd hole (i.e., a hole with an
odd number of vertices), then y (G) = 3>2 = w(G). A graph
is perfect if y (G) = w (G) for every induced subgraph H of G;
that is, the chromatic number of H is equal to the maximum
size of a clique of H. Bipartite graph is one of the best known
examples of perfect graph (see [9]). O

Let us give the following lemma known as perfect graph
theorem of Lovasz [10], originally conjectured by Berge.

Lemma 1. A graph is perfect if and only if its complement is
perfect.

Theorem 6. The chromatic number of I' (W) is equal to
x(T)=m+n-1 (8)

Proof. It is well known that the vertex (0, 0s) is of maxi-
mum degree and (7;,05) and (0, c;) are of same degrees.
Moreover, these vertices are adjacent to each other due to the
definition of T' (/). So, these vertices have a different color.
Besides, the types of the vertices (r;,c;) are adjacent to
(05,05), but still all the vertices (r;,c;) are not adjacent to
the vertex (r;,05) and the vertex (O, cy); then, the types of
the vertices (r;, ;) can take the same color. So, the vertices
taking different colors are considered below.

(i) The vertex (0, 05) is unique. So, one color emerges
from this vertex.

(ii) The types of (r;,05) have m — 1 vertices. So, m — 1
color emerges from these vertices.

(iii) The types of (Og,c;) have n— 1 vertices. So, n— 1
color emerges from these vertices.

Then,
xTM)=1l+m-1+n-1=m+n-1. (9EI)

Theorem 7. The clique number of I' (W) is equal to
w((N)=m+n-1. (10)

Proof. Now, let us consider the complete subgraph
ACT (/). By the definition of I'(./), the vertex set of A is
defined as follows:
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V(A) = ‘| (05,¢1), (05, €5), (0,¢3), - - - (0s5€k) 5 (71,06), (72, 06), (73,06), - - -, (71, 06) , (05, 0) ]’ (11)
n—1times m-—1 times 1 time
Then, [TG= ] el [[©= [] d¢wdsw,
woT(N))=n-1+m-1+1l=m+n-1. (12) ! uev(G) 2 uveE(G)
O (14)

By keeping in our minds the definition of perfect graphs
[10] as depicted and considering in Theorems 6 and 7, we
obtain the perfectness of the graph I' (/) as in the following
corollary.

Corollary 1. The graph I' (V) is perfect.

By using Lemma 1, we can also obtain the perfectness of
['(/) as in the following result.

Corollary 2. A complement of the graph I (W) is perfect.

We recall that any graph G is called Berge if no induced
subgraph of G is an odd cycle of length of at least five or the
complement of one. The following lemma proved by Chud-
novsky et al. in [11] figures out the relationship between perfect
and Berge graphs. By considering this lemma, we have the
following other consequence (Corollary3) of this section.

Lemma 2 (see [11]). A graph is perfect if and only if it is
Berge.

Corollary 3. The graph I' (V) is Berge.

As a final note, we may refer [6] for some other prop-
erties of perfect graphs which are clearly satisfied for I' (/).

3. Zagreb Indices of ' (1)

In this section, we give some Zagreb indices of the graph
T' (). In order to obtain these results, we need to recall some
previously known facts about Zagreb indices.

A graph invariant is a number related to a graph which is
a structural invariant. The well-known graph invariants are
the Zagreb indices. Two of the most important Zagreb in-
dices are called first and second Zagreb indices denoted by
M, (G) and M, (G), respectively:

M (G) = Y [dsw]’,

ueV (G)

My(G) = ) dgwdg(v).

uveE (G)

(13)

They were first defined by Gutman and Trinajsti¢ in [12].
For various mathematical and chemical studies of these
indices, we refer our readers to [13, 14]. Todeschini and
Consonni [15] have introduced the multiplicative variants of
these additive graph invariants by

and called them multiplicative Zagreb indices. In recent
years, some novel variants of ordinary Zagreb indices
have been introduced and studied, such as Zagreb
coindices, multiplicative Zagreb indices, multiplicative
sum Zagreb index, and multiplicative Zagreb coindices
(see [13, 16-21], for more details). Especially, the first and
second Zagreb coindices of graph G are defined [16] in the
following:

M (G) = Y dgw)+dg(),

uv¢E(G)

M,G)= Y dg(udg ().

uv¢ E(G)

(15)

In [21], the authors define the Zagreb coindices and then
obtain some fundamental properties of them. We use some
of these properties in this paper. Now let us give the two
lemmas which are used in this paper.

Lemma 3 (see [16]). Let G be a simple graph on a vertices
and b edges. Then,

M, (G) =2b(a—1) - M,(G),

(16)
M (G) = 26 - My (G) - M, (G),

Both the first Zagreb index and the second Zagreb index
give greater weights to the inner vertices and edges and smaller
weights to outer vertices and edges, which opposes intuitive
reasoning. Hence, they were amended as follows [22]: for a
simple connected graph G, let "M, (G) = } .y (g (1/d (v)*),
which was called the first modified Zagreb index, and
"M, (G) = Y ver ) (1/d (u)d (v)), which was called the
second modified Zagreb index.

The hyper-Zagreb index, defined as HZ(G)=

o [d(u)+ d(v)]?, was put forward in [23]. In [14], the
uveE(G)
author established the hyper-Zagreb coindex via hyper-

Zagreb index and first Zagreb index.

Lemma 4 (see [14]). Let G be a graph with a vertices and b

edges. Then,
HZ(G) = F(G) + 2M, (G), .
HZ(G) = 4b* + (a - 2)M, (G) - HZ(G).

It is seen that F(G) is the kind of graph invariant. This
invariant is vertex-degree based. In [12], the authors defined
it as
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FG)= Y (de)™ (18)

veV (G)

Let us remind a well-known result called by the hand-
shaking lemma. So, for a graph G, let d; be the degree of the
ith vertex v; € V(G) and e € E(G). Then, we have

di+dy+d;+---+d, =2e. (19)

Now, let us give the results related to Zagreb indices for
the graph I'(/).

Lemma 5. A number of vertex for the graph I (N') is mn.

Proof. It is known that there are four different types of
vertices in this graph. A type of the vertex (0, 05) is unique.
There are m — 1 and n — 1 for the types of vertices (r;,05)
and (0g, cy), respectively. A type of the vertices (r;,¢;) is
(m—1)(n-1) times. So, a number of vertex for the graph
Ir(N)isl+m-1l+n—-1+mn-m-n+1=mn. O

Lemma 6. A number of edge for the graph I' (/W) is
mn(m +n—2)/2.

Proof. By  equation (1), it is known that
d+d,+d;+---+d, =2e. According to Theorem 3 and
Lemma 5,

dv)=1L.(mn-1)+(m-1)(m+n-2)
veV (T (/)

+(n-1)(m+n-2) (20)
+(m-1)(n-1)(m+n-23)

2 2
=mn+mn" —2mn = 2e.

Then, a number of edge for the graph T'(/) is
mn(m+n-—2)/2. O

Theorem 8. Let I' () be the semigroup graph. Then, the first
Zagreb index and second Zagreb index are

M, (T(AN) =(mn-1°+m+n-2 +(m+n-3)°(m-1)(n-1),
MZ(F(./V))=(m+n—2)2(mn—1+m+2n—5)+(m+n—3)((mn—1)(m—1)(n—1)+(m+n—4)(m+n—3)).

Proof. Let us start with the proof of the first Zagreb index.
The graph of I' (/') has nm vertices (by Lemma 5), and the
vertex (0g,05) has mn — 1 degree, the vertices (0g,¢;) and

(21)

(r;,05) have m + n —2 degrees, and the vertex (r;,c;) has
m +n—3 degree.

M,T(M)=mn-1"+m+n-20"m-1)+m+n-2>n-1)+m+n-3>m-1)(n-1)

=(mn-1+m+n-2"+m+n-37>m-1)(n-1).

For second Zagreb index, we clearly mention the defi-
nition of second Zagreb index for graph in this section.
Firstly, we must consider adjacent vertices of the graph,
which is as follows.

(1) (04,05) ~ (r;,05) —> there are m—1 such
neighborhoods.

(ii) (05,05) ~ (Og,¢;) —> there are mn—1 such
neighborhoods.

(iii) (0g,05) ~ (r;,¢;) —> there are (m—-1)(n-1)

such neighborhoods.

(22)

(iv) (r,05) ~ (r;,05) — there are m -2 such
neighborhoods (i #1).

V) (r;05) ~ (0g,¢c) — there are n-1 such

neighborhoods.

(vi) (0g,¢;) ~ (0g,¢;) — there are n—2 such neigh-
borhoods (k #1).

(vii) (r;,cx) ~ (r;,¢;) —> there are n—1 such neigh-
borhoods (k #1).

(viil) (r;¢;) ~ (rp,¢) — there are n—1 such neigh-
borhoods (i #1).

M,T(N)=(mn-1)(m+n-2)(m-1)+(mn-1)(m+n-2)(n-1)+(mn-1)(m+n-3)(m-1)(n-1)

tm+n-22m-2)+m+n-2 m-D+m+n-2"n-2)+m+n-3>*(n-2)

+(m+n-37>m-2)

(23)

=m+n-2(mn-l+m+2n-5)+(m+n-3)((mn-Dm-Dn-1+m+n-4)(m+n-23)).
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Theorem 9. The first multiplicative Zagreb index and second
multiplicative Zagreb index are

[T ) = (mn -1 m+n— 20" (m + n— 32" D07,
1

[T =[0mn=1)(m+n- D" [mn=1)(m +n=2)"" (mn - 1) (m+n-3)]" """ (24)
2

[(m +n— 2)]2m+4n— 10 [(m +n— 3)]2m+2n—8.

Proof. We give the number of vertex and degree of the graph Second multiplicative Zagreb index is
[ (/). By definition, first multiplicative Zagreb index is as
follows:

[T = mn -1 [(m+n-2)""[(m+n-2]""
1

C(mn= 32O g 1)?

2m+2n—4 2(m-1)(n-1)

(m+n-3) .
(25)

-(m+n-2)

[TTC ) = Tper iy = lmn=1) (m+n = D)™ [(mn = 1) (m +n - 2)I" [(mn = 1) (m +n - 3)] 7DD
2

[(m +n—2)2]m_2[(m +n—2)2]n_1 [(m+ n-— 22)]n_2[(m +n-— 3)2]n_2[(m +n-— 3)2]m_2

(26)
=[(mn—-1)(m+n- 1" [mn-1)(m+n-2)]"" [(mn—1)(m+n-3)]" VD
[(m +n— 2)]2m+4n— 10 [(m +n— 3)]2m+2n—8.
Theorem 10. The first Zagreb coindex and second Zagreb
coindex are
M, (T(N) =mn(m+n-2)(mn-1) - (mn- D'—(m+n-2°-(m+n-37>m-1(n-1),
— m*n® (m+n-2)* )
M, (T(N)) = 2.——[(m+n—2) (mn -1 +m+2n—5)][+(m+n—3)((mn— D(m-1) (27)

4

(n—1)+(m+n—4)(m+n—3))]—%[(mn—1)2+(m+n—2)3+(m+n—3)2(m—1)(n—1)].

Proof. We know that the numbers of vertex and edge for the ~ Lemmas 5 and 6. According to Lemma 3, the first Zagreb
graph T' (/) are mn and mn(m + n — 2)/2, respectively, by ~ coindex is

mn(m+n-—2)

M, (T () =2 (mn-1)=[(mn -1 +(m+n-2)° +(m+n-3)°(m-1)(n-1)]

2 (28)

=mnm+n-2)(mn-1)—(mn-17>-(m+n-2°-(m+n-37>m-1)(n-1).
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Similarly, by Lemma 3, a second Zagreb coindex is
2 2 2
M, (T(N) =2- w-[(wn—z)z(w- L+m+2n-5)]
+ m+n=-3)((mn-1)(m-1)(n-1)+(m+n-4)(m+n-3))] (29)
1
=5 [ =17+ e n =2+ (m+n=3)° (m-1)(n-1)].
O
Theorem 11. The first modified Zagreb index and second
modified Zagreb index are
. m—1 n-1 m-1)(n-1)
M](r(/’/)): 2+ 2+ 2 ( ) 2
(mn-17 m+n-2) (m+n-2) (m+n-3)
m m-—1 n-1 (m-1)(n-1) (m-2)
M, (T =
2(T(A) (mn — 1)(m+n—2)+ (mn - 1)(m+n—2)+ (mn-1)(m+n-23) (m+n—2)2 (30)
n—1 n-—2 n-—2 (m-2)
+ 5+ 5+ 5+ 5
m+n-2)Y m+n-2)7 m+n-3" (m+n-3)
Proof. The definition of modified Zagreb index is to insert For the graph of T'(/4),
inverse values of the vertex-degrees into M, (G) and M, (G). 3
Accordingly, the proof is clear. O E(T(A) = Z (dg (1)
veV (T (A))
Theorem 12. The forgotten index is =(mn-1"+(m+n-2)' +(m+n-3)°
F(L(W) =(mn—1) +(m+n-2)"+(m+n-3)° ~(m-1)(n-1).
 (m— - (33)
(m-1)(n-1). 2
(31)
Theorem 13. The hyper-Zagreb index and hyper-Zagreb
PrOOf: We knOW that Coindex are
FG)= ) (dg)" (32)

veV (G)

HZ(L(A)) = (mn—1)° + (m+n=-2)" + (m+n=3)"(m-1)(n-1) + 2[(m+n—2)’ mn -1 +m+2n—5)

+ m+n=-3)(mn-1)(m-1)(n-1)+(m+n—-4)(m+n-23))],

(34)

HZ(I () =m’n* (m+n—-2)" + (mn-2)- [(mn—1)° +(m+n-2)> + (m+n-3)*(m-1)(n-1)]

—[(mn—1)3+(m+n—2)4+(m+n—3)3(m—1)(n—1) + 2[(m+n—2)2(mn—1+m+2n—5)”.



Proof. We obtain forgotten index and second Zagreb index
of the graph I'(//) in Theorem 12 and 8. By Lemma 4, we
clearly have HZ (I' (/) and HZ (T (/). O

4. Conclusion

The most important aspect of thinking graph on a new
algebraic structure is that the graph reflects new results for
both algebraic structure and graph. When a new graph
appears, it is important to study some graph properties,
namely, diameter, maximum and minimum degrees, girth,
degree sequence and irregularity index, domination number,
chromatic number, and clique number (in Section 2). In this
paper, we obtained these results. Furthermore, we gave some
important known Zagreb indices (in Section 3).

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The author declares that there are no conflicts of interest.

References

[1] B. Khosravi, “On Cayley graphs of left groups,” Houston
Journal of Mathematics, vol. 35, no. 3, pp. 745-755, 2009.

[2] D. F. Anderson and J. D. La Grange, “Commutative Boolean
monoids, reduced rings, and the compressed zero-divisor
graph,” Journal of Pure and Applied Algebra, vol. 216,
pp. 1626-1636, 2012.

[3] S. Wazzan, “Zappa-szép products of semigroups,” Applied
Mathematics, vol. 6, no. 6, pp. 1047-1068, 2015.

[4] N. Urlu Ozalan, A. S. Cevik, and E. Guzel Karpuz, “A new
semigroup obtained via known ones,” Asian-European
Journal of Mathematics, vol. 12, no. 6, 2019.

[5] E. G. Karpuz, K. C. Das, I. N. Cangul, and A. S. Cevik, “A new
graph based on the semi-direct product of some monoids,”
Journal of Inequalities and Applications, vol. 118, 2013.

[6] J.L. Gross and J. Yellen, Handbook of Graph Theory, Chapman
Hall/CRC, London, UK, 2004.

[7] D. Rees, “On semi-groups,” Mathematical Proceedings of the
Cambridge Philosophical Society, vol. 36, no. 4, pp. 387-400,
1940.

[8] S. Mukwembi, “A note on diameter and the degree sequence
of a graph,” Applied Mathematics Letters, vol. 25, no. 2,
pp. 175-178, 2012.

[9] M. Chudnovsky, N. Robertson, P. D. Seymour, and
R. Thomas, “Progress on perfect graphs,” Mathematical
Programming, vol. 97, no. 1, pp. 405-422, 2003.

[10] L. Lovész, “Normal hypergraphs and the perfect graph con-
jecture,” Discrete Mathematics, vol. 2, no. 3, pp. 253-267,
1972.

[11] M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas,
“The strong perfect graph theorem,” Annals of Mathematics,
vol. 164, no. 1, pp. 51-229, 2006.

[12] I. Gutman and N. Trinajsti¢, “Graph theory and molecular
orbitals. total g-electron energy of alternant hydrocarbons,”
Chemical Physics Letters, vol. 17, no. 4, pp. 535-538, 1972.

Journal of Mathematics

[13] I. Gutman, “Multiplicative Zagreb indices of trees,” Bulletin of
Society of Mathematicians. Banja Luka, vol. 18, pp. 17-23,
2011.

[14] I. Gutman, “On hyper-Zagreb index and coindex,” Bulletin
(Academie serbe des sciences et des arts. Classe des sciences
mathematiques et naturelles. Sciences mathematiques), vol. 42,
pp. 1-8, 2017.

[15] R. Todeschini and V. Consonni, “New local vertex invariant
and molecular descriptors based on functions of the vertex
degrees,” MATCH Communications in Mathematical and in
Computer Chemistry, vol. 64, pp. 359-372, 2010.

[16] A.R. Ashra, T. Doslic, and A. Hamzeh, “The Zagreb coindices
of graph operations,” Discrete Applied Mathematics, vol. 158,
pp. 1571-1578, 2010.

[17] K. C. Das, A. Yurttag, M. Togan, A. S. Cevik, and I. N. Cangul,
“The multiplicative Zagreb indices of graph operations,”
Journal of Inequalities and Applications, vol. 90, pp. 1-14,
2013.

[18] K. C.Das, N. Akgunes, M. Togan, A. Yurttas, I. N. Cangul, and
A. S. Cevik, “On the first Zagreb index and multiplicative
Zagreb coindices of graphs,” Analele Universitatii “Ovidius”
Constanta - Seria Matematica, vol. 24, no. 1, pp. 153-176,
2016.

[19] M. Eliasi, A. Iranmanesh, and I. Gutman, “Multiplicative
versions of first Zagreb index,” MATCH Communications in
Mathematical and in Computer Chemistry, vol. 68, pp. 217-
230, 2012.

[20] K. Xu and K. C. Das, “Trees, unicyclic, and bicyclic graphs
extremal with respect to multiplicative sum Zagreb index,”
MATCH Communications in Mathematical and in Computer
Chemistry, vol. 68, pp. 257-272, 2012.

[21] K. Xu, K. C. Das, and K. Tang, “On the multiplicative Zagreb
coindex of graphs,” Opuscula Mathematica, vol. 33,
pp. 197-210, 2013.

[22] A. Milicevic, S. Nikoliuc, and N. Trinajstic, “On reformulated
Zagreb indices,” Molecular Diversity, vol. 8, pp. 393-399,
2004.

[23] G. H. Shirdel, H. Rezapour, and A. M. Sayadi, “The hyper-
~Zagreb index of graph operations,” Iranian Journal of
Mathematical Chemistry, vol. 4, pp. 213-220, 2013.



