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Abstract. The main goal of this paper is twofold. The first one is to investigate the nonexistence of positive
solutions for the following nonlinear parabolic partial differential equation on a noncompact Riemannian
manifold M,

W= Apgu+VuP™ +iud in 2 x(0,7),
u(x,0) =ug(x) >0 in £,
u(x,t) =0 ondf2 x (0,7),
wherel < p <2,V e Llloc(.Q), g > 0,1 € R, £ is bounded and has a smooth boundary in M and Ap.g
is the p-Laplacian on M. The second one is to obtain Hardy- and Leray-type inequalities with remainder
terms on a Riemannian manifold M that provide us concrete potentials to use in the partial differential
equation we are interested in. In particular, we obtain explicit (mostly sharp) constants for these inequalities
on the hyperbolic space H".

1. Introduction

Let M be an n-dimensional complete noncompact Riemannian manifold, n > 2,
endowed with a Riemannian metric tensor g = (g;;), and §2 be a bounded domain
with smooth boundary in M. One of the main goals of this paper is to investigate
nonexistence of positive solutions of the following non-Newtonian filtration equation
with reaction sources and potential,

W= Apou+V@uP™ +iud in 2 x(0,7),
u(x,0) =upgx) >0 in £2, (1.1)
ulx,t)=0 ondf2 x (0,7),

where 1 < p<2,g>0,A€R, V eLl (£2)and A, qu = —divy(|Veu|"~2Vqu)
is the p-Laplacian with 1 < p < co.
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The class (1.1) of nonlinear partial differential equations includes several important
cases. Before proceeding to our own results, let us briefly review some important
developments that motivated our study. We begin by recalling the results from the
linear case.

Linear problems. Let M = R" with the Euclidean metric tensor g;; = §;;. If p =2
and A = 0, then our model problem (1.1) reduces to linear heat problem with potential
W= Au+V@u in £2x(0,7),
u(x,0) =upg(x) >0 in £2, (1.2)
ulx,t) =0 on d$2 x (0, T),

If the potential V belongs to the Kato class or L? with p > n/2 then the Hamiltonian
H = —A — V on L>(M) has several good properties and so the linear heat problem
(1.2) is well understood. If the potential V does not belong to these classes, such
as V = ¢/|x|?, then the solutions of heat problem may have critical behavior. An
interesting result in this direction was obtained by Baras and Goldstein [5]. They
showed that the following heat problem,

G =Au+ puin 2x0,7),
u(x,0) =ug(x) >0 in £, (1.3)
ux,t) =0 on 982 x (0,T),

has no nonnegative solutions except u = 0if ¢ > Cy = (%)2, and positive weak
solutions do exist if ¢ < Cyg. Thus, Cyg = (%)2 is the cut-off point for existence
of positive solutions for the heat equation with inverse square potential ¢/|x|>. The
critical constant Cy is the best constant in Hardy’s inequality,

s (=22 [ 1P
[ weeopas = () [ 5k,

valid forall ¢ € C°(R") if n > 3 and all ¢ € C°(R"\{0}) ifn =1, 2.

In an interesting paper, Cabré and Martel [8] extended some of the results of Baras
and Goldstein [5] to general positive singular potentials. They discovered that existence
and nonexistence of positive solutions of the problem (1.2) is largely determined by
the size of the infimum of the spectrum of the symmetric operator H = —A — V,
which is

N Jo IV@12dx — [, VIp|*dx
02£peC2(2) [o l1?dx
The observation of Cabré and Martel [8] was used in [16,17,19,22] to get additional
results on nonexistence of positive solutions for wide classes of linear parabolic prob-
lems.

oint(V; 2) = (1.4)

Nonlinear problems. Let M = R" with the Euclidean metric tensor g;; = §;;. In his
pioneering paper [14], Fujita studied the following Cauchy problem for the semilinear
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heat equation

{u, = Au +u”, (x,1) € R" x (0, 00), (1.5)

u(x,0) =upx) >0, xeR"

where p > 1 and ug(x) is a bounded positive continuous function. He proved that

(i) if 1 < p < pr then (1.5) has no global positive solutions;

@) if p > pr and ug < se— (0 < 8§ « 1), then (1.5) has global positive

solutions,

where pr = 1 + % We call this critical number pr = 1 + % the Fujita exponent.
The statement (i) also holds for the critical case p = pr, which was proved later
by Hayakawa [20] and Weissler [37]. The result of Fujita [14] has been extended
and generalized to various directions. For instance, the case of a domain, bounded
or unbounded, replacing R” in (1.5), has been considered. Furthermore, different
equations have been studied, involving more general reaction terms instead of u” or
non-parabolic operators instead of the heat operator d; — A. We refer the reader to the
survey papers by Deng and Levine [12] and Levine [28] for a good account of related
works.

At the same time, extensions have been carried out also in the context of Riemannian
manifolds. In a series of articles [38—41], not only did Zhang generalize the result of
Fujita to the case of Riemannian manifolds, but he also extended it for wide class
of nonlinear parabolic problems on Riemannian manifolds. For instance, Zhang [38]
considered the following semilinear heat equation with a potential term on an n (n >
3)-dimensional complete noncompact Riemannian manifold M,

(1.6)

up = Agu — V(@u+u? in M x (0, 00),
u(x,0) =ug(x) >0 in M,

where g > 1. He studied the relation between the Fujita exponent and the potentials V
behaving like (H-;T)”) , by using global bounds for the fundamental solutions of the
heat equations with a potential. Here, a € R, » > 0, and d(x) is the distance between
a point x € M and a reference point O € M. Indeed, Zhang’s result is a concrete
example of how the potential V has a strong influence on the Fujita exponent.
When M = R" with the Euclidean metric tensor g;; = §;; and A = 0, then problem

(1.1) becomes

W= Apu+ V(@uP~! in 2 x(0,7),

u(x,0) =ug(x) >0 in £, (1.7)

ulx,t) =0 on 082 x (0, 7).

Using the method of Cabré and Martel [8], Goldstein and Kombe [18] showed that
nonexistence of positive solutions of the problem (1.7) is determined by the value of
p and the size of the following normalized p-energy form

p . o Jo IVIPdx — [, VIg|Pdx

S = i , 1.8
Tl = o spec (20 [q 1o1Pdx 19
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where K is a closed Lebesgue null subset of £2.

In light of these developments, it is natural to ask how the addition of the source term
Au? to the problem (1.7) will affect the results previously obtained in [18]. The first
purpose of this article is to address the question above in an n-dimensional complete
noncompact Riemannian manifold M.

Note that there is a competition between the integral terms | o IVé|Pdvg and
f o Vl1¢|Pdvg in the the bottom of the spectrum (1.8), and one could expect that the
the bottom of the spectrum (1.8) can be —oco. In fact, this depends on the choice of
the potential V. Our interest here is to consider only the critical potentials, which are
related to sharp Hardy and Leray type inequalities. Our second main goal in this paper
is to present various Hardy- and Leray-type inequalities with remainder terms on a
Riemannian manifold M. In particular, we obtain sharp constants for these inequalities
on the hyperbolic space H".

The plan of this paper is as follows. In Sect. 2, some preliminaries are introduced and
one of the main results of this paper is proved. Section 3 is devoted to the study of Hardy
and Leray type inequalities with remainders. Furthermore, we consider the hyperbolic
space H" as a model manifold and recall some facts about the hyperbolic space. Then,
we present various Hardy- and Leray-type inequalities with explicit constants (mostly
sharp) and then the application of Theorem 2.1.

2. Preliminaries and nonexistence of positive solutions

In this section, we will recall some basic definitions, notations and results used in
this paper. We refer to [10, 15] for more precise information about this subject.

Let M = (M, g) be an n-dimensional complete Riemannian manifold endowed with
a metric tensor g = (g;;). In local coordinates x = (x1, x2, ..., X,), the Riemannian
metric is written in the form

n
dS2 = Z g,-jdxidxj,
i,j=1

where (g;;)! j=1 is a symmetric positive definite matrix of smooth functions.
The volume element of M is given in the same local coordinates by

dvg = /det(g;j)dx1dxs .. .dx,,
and the volume of a bounded open set S C M is
Vol, (S) = f dvg.
N

Letu : M — R be a given smooth function. The Riemannian gradient of u is the
vector field Vyu defined by

(Vou, X) = du(X) = Xu
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for all smooth vector fields X on M. Here, (-, -) is the scalar product induced by g. In
local coordinates, we have

n
. ou
Vo = ((Vgu)l, (Vgu)n) with  (Vgu); := Z:gugj

and

o 0u du
2 _ — y___
[Voul” = (Vgu, Veu) = E g ox; 8)6.,'7

where (g'/) is the inverse matrix of (g; )
The divergence divg X of a vector field X is defined as the unique smooth function
on M such that

/ fdivgXdv, = —/ (V f, X)dvg,
M

for all f>°(M). In local coordinates, if X = Zl 1Xz i then

1 29
diveX = ——— —( /det(g--)X~>.
8 /7det(g,~j) ; ax; 1)
The Laplace—Beltrami operator in M of a function u € C*(M) is given by
Agu = divg(Vgu)

and whose expression in local coordinates is

Aglt = \/WZ (Jdet(g,, Zg” au)

Due to the divergence theorem, we have

/ pAgudvg = —/ (Veo, Vou)dug,
M M

for any smooth u, ¢ : M — R, with either # or ¢ compactly supported.
The p-Laplace operator A, , acts on C 3 functions u on M and is given by

Ap ot = divg (|Veu|P "2 Vu),
where | < p < oo. Note that if p = 2, the p-Laplace operator is nothing but the
Laplace—Beltrami operator.

Sobolev inequality. A Riemannian Manifold (M, g) of dimensiondimM =n > p >
1 is said to support a Euclidean-type L? Sobolev inequality if there exists a constant
Cpr > 0 such that, for every ¢ € C2°(M),

(/M |¢|p*dvg>’%* < CM<fM |vg¢|”dvg)% 2.1
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where

pr=—
n—p

It is well-known that the Sobolev inequality (2.1) holds in R” and plays a key role
in analysis in Euclidean spaces and in the study of solutions of partial differential
equations. However, for a general manifold, it may not be true. We refer to Saloff-
Coste [34] and Hebey [21] for discussions of the validity of Sobolev inequalities on a
manifold.

As a result of Holder- and Sobolev-type inequalities, we give the following lemma
which is a key one in order to establish our first main result.

Lemma 2.1. Let M be a complete noncompact Riemann manifold of dimensionn > 2,
1 < p < nand S2 be a bounded domain with smooth boundary in M. Assume that
a(x) € L» (£2) and ¢ € C2°(82). Then, for each € > 0 there exist a positive constant
C (€) such that

€
< —/ |Vg¢|pdvg+C(6)/ 1P dvg. (2.2)
2 2

/Qa<x>|¢|”dvg g

Proof. Let (ar)r>1 be the sequence defined by ax(x) = min {a(x), k} for almost every
x € £2 and k > 1. Then it can be shown that

llak (x) — a(-x)“L"/P(_Q) —> 0 as k— oo. 2.3)

Clearly we have,

V a(0)lp1Pdv, sf |a—ak||¢|"dvg+kf 617 dv,. 2.4)
2 2 2

n
n—p

By Holder’s inequality with conjugate exponents and %, we get
n—p

V alg|Pdv,| < (/ |a—ak|%dvg>;(/ |¢|%dvg) " +k/ pPdvg. (2.5)
2 2 2 2

We remark that Sobolev inequality (2.1) always holds since §2 is a bounded domain

(see [34]). Hence,
‘/ alg|Pdv,| < (/ |a—ak|%dvg>ﬁ <C1’f4/ |Vg¢|pdvg> +k/ |1 dvg.
Q Q Q Q 2.6)

Due to the limit (2.3), for every given € € (0, 1), there is an k(¢) > 1 such that

P

n w €
—ai|rd < — 5. 2.7
(/Qm altdve)” < 2o @7

Let k = C(¢€); we have the desired inequality (2.2). O
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Before we present our main results, we define the generalized positive local solution
in the following sense.

Definition. By a positive local solution of (1.1) continuous off of IC, we mean

(i) K is aclosed Lebesgue null subset of 2,
(i) u : [0, T) —> LY(£2) is continuous for some 7 > 0,
(i) (x,1) > u(x,t) € C((2\K) x (0, T)),
@iv) u(x,t) > 0on (£2\K) x (0, T),
(v) lim;—qu(.,t) = ug in the sense of distributions,
(vi) Veu € Lﬁ)c(.Q) and u is a solution in the sense of distributions of the PDE, in
2 x(0,7).

Remark 2.1. 1f0 <a < b < T and K, is a compact subset of £2\/C, then u(x, t) >
€1 > 0 for (x,1) € K, x [a, b] for some €; > 0. We can weaken (iii), (iv) to be
(iii)* u(x, t) is positive and locally bounded on (£2\K) x (0, T),

vy L s locally bounded on (£2\K) x (0, T).

u(x,t)
If a solution satisfies (i), (ii), (iii)’, (iv)’, (v), and (vi), then we call it a generalized
positive local solution off of K. This is more general than a positive local solution
continuous off of /C. If L = @, we simply call u generalized positive local solution.

Now, we are able to give our first main result of this section.

Theorem 2.1. Let M and $2 be as above, n > 2, HZ% <p<2p-l<g< p+%,

Vix) € L}OC(Q\IC) where IC is a Lebesgue null subset of $2. If

O, =
inf ™ oxpec(@\K) Jo l¢1Pdv,

Py, — _ P
p inf Jo IVeolPdvg — [o(1 =) VIg|Pdv, - o 2.8)

for some € > 0, then the problem (1.1) has no generalized positive local solution off

of K.

Proof. We argue by contradiction. Given any T > 0, let u : [0, T) —> L'(£2) be
a generalized positive local solution to (1.1) in (£2\K) x (0, T') with ug > 0 but not
identically zero.

We multiply both sides of the first equation in (1.1) by the test function |¢|? /u?~!,
where ¢ € C2°(£2\K) and integrate over £2. The result is

1 d p
— 2 | > ripPdu, =f div, (|vgu|P*2Vgu) ﬂdvg
2 — P dt I?) Q Mp_l (2 9)

+/ V(x)|¢|pdvg+/ AP p|Pdug.
2 2

The divergence theorem gives

. ") lp|? ") [p1”
A:/deg (IVgul"=2V,u) v, =—/Q|vgu|1’ <vgu,vg (F dv,.
(2.10)
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Direct computation shows that

p—1
_|Vg”|p_2<vg“vvg (ﬂ)>=_p|v ulP” 2|¢| T (Vgu, Vglol)

upb-1
+p— 1>ﬂ|vg 3

@2.11)

Hence,

14
A= / div, (|v ulP2v u) i —dv, = B (2.12)

where

P p—1
B:/ (( A u|P|¢| — pIVeu|?~ 1|¢| - |vg¢|)dvg
2

Here, we can use the following elementary inequality. Let p > 1 and w1 # w> be
two positive real numbers. Then,

p
on —a)z —pw2 (a)1 —wp) > 0,
whence

-1
(p— l)wf — pwg wy > —wf.

We can take wy, = %ng and w; = |Vg¢|; then we have
B > —/ IVeo|Pdv,. (2.13)
Q
Substituting (2.13) into (2.12) gives
A= / divg (|Vgu|?~ ngu)<|¢| )dvg > —/ Vel dv,. (2.14)

Substituting (2.14) into (2.9) and integrating from #; to t,, where 0 < t; <, < T,
we obtain

/ V() lg|Pdv, —/ IVeop|Pdv, < L + R, (2.15)
2 2

where

= m/ﬂ (MZfP(x, 1) — szp(x, ll)) |¢|pdvg

5]
R=—A/ / ul=PTp|Pdtdu,.
2 Jn

Using Jensen’s inequality for concave functions, we obtain, since ;=5 2” <p<2,

and

Q@-pn

/(u(x ) 7 dvg < C(Vol(2)) ([ u(x,t,-)dvg) " <0
2
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Therefore,
W P(x, 1) € L7 (£2).

For the second integral on the right-hand side of (2.15), let F(x) := —A f[tlz ui=Ptlgs.
Applying Jensen’s inequality, we deduce

F(x) € L7 ().

By Lemma 2.1, we have

_c p p
R < 2(1_6)/Q|Vg¢| dvg—i-C(e)/g|¢| dvg

€
+—2(1_6)leg¢l”dvg+0(e)/9|¢|”dvg (2.16)

€
(I—e)

/ |vg¢>|f’dvg+c<e>f 17 dvg.
2 2

Substituting (2.16) into (2.15) gives

/ V(x)l¢lpdvg—/ |Veo|Pdvg < lLf IVgcbl”dvngC(e)/ 1P dvyg.
2 2 —€J@ 2

2.17)
Therefore,
Voo|Pdv, — [ (1 —€)V Pd
. Jo IVgp|Pdvg — [o( WV )¢l dv, > —(1—€)C(e) > —o0.
0£peCR(2\K) Jo 181Pdv,

(2.18)
This contradicts our assumption. The proof of the Theorem (2.1) is now complete. []

Remark 2.2. Tt is now clear that assuming the existence of a positive solution of

problem (1.1) implies the following Hardy-type inequality,

/ [VeolPdv = (1 —6)f V(x)lglPdv —(1 —G)C(G,a,k,q,\’ol(ﬂ))/ g7 dv.
2 2 2
(2.19)

As we mentioned above, our second goal is to present Hardy- and Leray-type
inequalities with remainders on a complete noncompact Riemannian manifold M.

3. Improved Hardy- and Leray-type inequalities and applications

Hardy inequality. Let {2 be a smooth bounded domain with 0 € £2 in R” or
£2 = R". The L? version of Hardy’s inequality states that

p
|¢(x)|pdx
2 |xI?

n—p

. (3.1

/ IV (x)|Pdx =
2
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and holds for all ¢ € COO(SZ) if ] < p <mn,andforall ¢ € C(22\{0}) if p > n.
Here, the constant |2=2 |p is sharp, in the sense that

Jo IVgIPdx ,

n
0£peC(@) [, W dx

n—p
p

The interest in the inequality p > n is due to the fact thatin (3.1)forp =n,p—n =0
cannot be replaced by any positive number.

Leray inequality. If n = p, then there is a different version of the Hardy inequality.
In [26], Leray proved the following integral inequality, which involves singularities at
both the center and boundary of the two-dimensional unit ball,

lp)?

1
| voPax 4/Blmdx,

where Bj is the unit ball in R? centered at the origin and ¢ € C 2°(B1\{0}). Further-
more, Adimurthi and Sandeep [2] obtained the multidimensional form of (3.2) and
also showed that the constant JT is sharp,

2
inf I Vordx
OpeCEBNOD [ 1 gy
i (n( 7))

There has been a lot of research concerning Hardy and Leray inequalities on the
Euclidean space R” and, in particular, sharp inequalities as well as their improved
versions (in the sense that nonnegative terms are added in the right-hand side of (3.1)
and (3.2) ) which have attracted a lot of attention because of their application to singular
problems, e.g., [1,3,4,7,13,32,36] and the references therein.

On the other hand, there has been a growing literature on Hardy and Leray inequal-
ities in Riemannian manifolds. In an interesting paper, Carron [9] studied weighted
L?-Hardy inequalities under some geometric assumptions on the weight function p
and obtained, among other results, the following inequality,

» ) c+a—12/ o
/M,O|Vg¢| de(—z ) o, (3.3)

(3.2)

FN

whereo € R,C+oa—1 > 0,¢ € COO(M\p_l{O}) and the weight function p satisfies
[Vgol =1and Agp > = - € in the sense of distributions.

Recall that a complete Riemannian manifold M is said to be nonparabolic if it
admits a (minimal) positive Green function G for Ag. In [27], Li and Wang proved,
among other results, that existence of a weighted Hardy-type inequality is equivalent
to nonparabolicity. Furthermore, they obtained the following L>-Hardy inequality

, 19,G(p, )1
f'w"d —4/ Fpn LW
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where ¢ € C2°(M) and G(p, x) is the minimal positive Green’s function defined on
M with a pole at the point p € M.

Under the same hypotheses on the weight function p in [9], Kombe and Ozaydin [23]
extended the result of Carron to the case p # 2. In [24], they obtained the following
(improved) Hardy inequality involving two weight functions p and &

c-1)\° 2 1 [ V82
/ Ve 2dv > | —— ¢—dv+—/ Vel $>dv, (3.4
M 2 M P? 4 Ju 82

where ¢ € C2°(M), C > 1 and —div, (pl’cvgﬁ) > 0 in the sense of distributions.
Let £2 be a bounded domain with smooth boundary in M and sup, (p) < 1. Then, the
choice of § = log(%) in (3.4) yields

lp)?

1
/Q|ngb|2dv > ZLWCZU’ (3.5)

p

which is the analogue of Leray’s inequality (3.2) .

On the other hand, D’ Ambrosio and Dipierro [11] obtained the following inequality
which includes the Hardy- and Leray-type inequalities,

-1 V. polP
[ weprav= (2o2)" [ Bl jgran, (3.6)
M p m PP

where ¢ € C°(M), p > 1 and the weight function p satisfies —A, ;0 > 0 in the
sense of distributions.

In view of all these developments, it is natural to ask whether the Hardy and Leray
inequalities given above can be combined under a single inequality for £2 C M,

V,p|? »
/ IVe|Pdvg > H,,/ | gf:' |¢>|pdvg+Lp/ M)'pdvg 37
o) Q P Q pr <ln /1_))

where H), and L, are positive constants.

While our aim is to answer above question, we see that our method not only combines
Hardy and Leray inequalities but also allows us to achieve some other inequalities with
explicit constants in the hyperbolic space H".

We begin this section by proving a new L”-Leray inequality with remainders. In-
deed, our proof is simple and uses minimal assumption on the weight function p.

Theorem 3.1. Let §2 be a bounded domain with smooth boundary 952 in M and
1 < p < 00. Let p be a nonnegative function on §2 such that supg(p) < 1. Then, the
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following inequality holds:

p—1\' [ IVepl?
/|vg¢>|f’dvgz< ) | iy,
2 p 2 pP(log 2)P

-1
p—1\* / Apgp
+(5=— — sl p1Pdy
( P ) o log 17T G
(- 1? f [VeplP
p—1 P—
p 2 oP (10g %)

Cl1Pdvg,

Sforall p € C(£2).

Proof. Letu = —log <log %) A direct computation shows that

A — 1)|V,p|? — 1| V,p|?
Ap gt = psP (P = DI[Vgp +(p )N Vepl p£0.1. (3.9)

Lyp— -1 p
b eel) T orfoed)

Multiplying both sides of (3.9) by the test function |¢|” and integrating over §2 yields

A
/ Ap guld|Pdvg :/ p—’fl)"f"pd”g
2 2 (plog ;)P~!

Vel
_(”_l)fg P(logl)l’—1|¢|pdvg (3.10)
+<p—1)/ Vepl” ,,|¢>|Pd
p? 10g

Application of integration by parts (i.e., the divergence theorem) to the left side of
(3.10) gives

1 _ _
—/ Ay u|g|Pdvg, = —/ 1017V, Vou) | VoulP~2dv,
pJa 2 (3.11)

5/ 171 Vo811V gul v,
Q
Recall Young’s inequality with €: for any € > 0, and a, b > 0,

—1p-n P =D, e
p

ab < ea® + (pe)
Hence by Young’s inequality, we conclude that

. ) V0l
/Qlaﬁl” 19,011 Veul? ldvgsefg|vg¢|f’dvg+c<e>/ ;

————1¢|Pdv,,
@ pP(log 1)P ¢

(3.12)
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1
where c(¢) = (pT_l) (pe) T-r. Substituting (3.12) into (3.10) gives

p—1 . [Vgpol?
[ weorrar Z( pe )<1 ~wo) [, oriiog Tyr ' "

1 Apgp
pe Ja (plog 5)r-!

p—1 [Vepl?
- / £ —|p|Pdvg.
pe Ja pP(log )P

|p|”dv, (3.13)

1 N .
Note that the function € — ”p—_el <1 — (pe) 1*1') attains the maximum value for € =

and this maximum is equal to (”T_l)p . Now, we have the desired inequality

—1\? |Vopl?P
/ IVeo|Pdv, > (” ) / S |p|Pdv,
2 p 2 pP(log )P

—1
p—1\" Apgp
L) T,
p 2 (plog 5)P
B (p—l)”f [Vgpl”
pP=t Ja prog HHr-!

pP~2
(p—hr=1°
(3.8),

|p|Pdvg.

O

Let us now turn our attention to the question of combining the Hardy and Leray type
inequalities under a single inequality. We should note that the trace of such inequalities
appears in [25]. Now, under new assumptions on the weight functions p and §, our
first result in this direction is as follows.

Theorem 3.2. Let M be a complete noncompact Riemannian manifold of dimension
|Vg/7|p
and

n > 1. Let p and § be nonnegative functions on M such that A, ¢p > C

)
p—2
—divg (,OP*C*1 |v§j|Jz V¢8) > Ointhe sense of distributions where C > O and p > 2.

Then, the following inequality holds:

C+1-— P V,.pl|?
/ Ve Pdvg > (u) / ﬂlq&lpdvg
M p M PP

1 1 V., 8|P
Hee— )= Vel 1P dvg
21’1—1 pp M 517

forall p € C(M\p~'{0}).

(3.14)

Proof. Let¢ € C(‘fo(M\,o’1 {0}) and define ¢ = pPy where B < 0. Then, we have

Ve (0P U)IP = |1BpP Voo + pP VP
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We now use the following convexity inequality which is valid for any a, b € R" and
p=>2,

la +b|? — |a|? > plal’~%a - b+ c(p)|b|?

where c(p) = 21,,—11_1 This yields

VeI =|BIP pPP=P Vo p|P I[P + BIBIP 2 pPP~PYUV (1W|P), Vep) [ VeplP 2

+c(p)pPP |V
(3.15)

Applying integration by parts over M gives
/ Vel dvg > I,BI”/ PP =PIV p|P Y|P dvg
M M
= BIp12 [ divy (07T V0172V, ) g

+c(p) fM pPP |V Pdug.

(3.16)
Since
C|Vgpl?
Apgp = ; s
we obtain the following inequality
dive (P77 VplP2Vep) 2 (B — p 14+ OVl (B1T)
Substituting (3.17) in (3.16), we have
BB [ div (oI 1ol
M (3.18)

> BIBPBp—p+14C) /M PP PV g0l P,
Combining (3.18) and (3.16), we obtain
/M |Ve¢|Pdvg > f(B) /M pPP=P IV, p|P WP dug + c(p) /M PPP IV |Pdug,

(3.19)
where

FB) =—BIBIP2Bp —p+1+C)+ 87

p—C—1

Since f(f) attains its maximum for By =

f(Bo) = (%)p. The inequality (3.19) becomes

C+1—-p p o
/ Vel dv, z(—) f p=C VeplP 19 P dvg
M )4 M

+e(p) f PP~V Pd,.
M

and its maximum value is equal to

(3.20)
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Now, we focus on the second term on the right-hand side of this inequality. Let us
define a new variable ¢(x) := 8(x)~ /Py (x) where §(x) is a nonnegative function
and 8(x) € C®(M\p~' {0}). It follows from the convexity inequality that

lp]?

Vevl” 2 =581 V81 4 Pl VS 8P (V8. Vilol)).

and therefore
1
/M PPV P dug =or /M pP=CTV,8178! 7P o] Pdug
- | Ve8|P2
4 p! p/M PP S (Ve Vilg 1)) v
(3.21)

Here, first we apply integration by parts to the second term on the right-hand side of
(3.21) to get

. L e )
[ ot == [ or e v st rigiran,

- |Vgd|?~2
"7 [ diveor e EEE v sl
then using the differential 1nequa11ty —divg (P~ ¢ 1|V5§|2 V¢68) > 0and taking back
—p+C+
substitution ¢ = p pl’ #8717 we have
Veé
/ Pp_c_l|vg1/f|pdvg z _f | ’ ———|¢lPdv, (3.22)
M

Substituting (3.22) into (3.20) gives the desired inequality

/M|Vg¢|”dvgz<c“_ ) / 'Vg"' 6|7 dv, +C(p) M'V e du,

O

We note that a similar inequality also holds for 1 < p < 2, and in this case, we use
the following inequality

|b|?

P=2,.
(al + [ppyzr T Plalmmab

la +b|" —lal” = c(p)
where c(p) > 0 (see [29]).
A direct computation shows that § := In 1 satisfies the assumption of Theorem 3.2.
Hence, we have the following inequality which includes both Hardy- and Leray-type
inequalities.
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Corollary 3.1. Let $2 be a bounded domain with smooth boundary 052 in M. Let p
P
be a nonnegative function such that A, ;p > Nt iy the sense of distributions

where C > 1, p > 2 and supg p < 1. Then the following inequality holds,

C+1-p [Vgpl?
/Q|Vg¢|f’dvgz( )/ L giran,

[Vgpl?P
+( )—/ ——lolPd
L—17pr P(ln %)p v

(3.23)

forall ¢ € C°(2\p~ ' {O}).

The following theorem is the final theorem of this section, where we slightly change
our assumptions on the weight functions p and §.

Theorem 3.3. Let M be a complete noncompact Riemannian manifold of dimension
n > 1. Let p and & be nonnegative functions on M such that —Ap ,p > 0 and
—divg(p'"_1|Vg8|"’_2Vg8) > 0 in the sense of distributions where p > 2. Then, we

have
—1 V. 0lP
/ Vel Pdvg 2<p )p/ [Ver| |17 dv,
M p M

pl’
—I\r-1 [ A
—(p—)p f ng|¢|ﬂdvg (3.24)
P M PP
1 p—1Ne [ V817
(5 )fM Il dvg

forall p € C(M\p~'{0}).
Proof. The proof is similar to that of Theorem 3.2 and therefore omitted. O

In the following subsection, we present some applications of the above theorems in
the hyperbolic space H".

3.1. Hyperbolic space

We begin by quoting some preliminary facts which will be needed in the sequel and
refer to [15,33] for more precise information. The hyperbolic space H" (n > 2) is a
complete simply connected Riemannian manifold having constant sectional curvature
equal to —1. There are several models for H" and we will use the Poincaré ball model
B" in this paper.

The Poincaré ball model for the hyperbolic space is

={x=(x1,...,x) € R"||x] < 1}

endowed with the Riemannian metric gg» = p?(x)gr», where p(x) = TP and gpn

\
is the canonical Euclidean metric. Hence, { pdx;}?_, gives an orthonormal basis of the
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1 90 n

tangent space at x = (xy, ..., x,) in B". The corresponding dual basis is {p 3 Hiels

thus the hyperbolic gradient and the Laplace Beltrami operator are

Vu
Vinu = —,

Awru = p'div(p" 2 Vu);

where V and div denote the Euclidean gradient and divergence in R”, respectively.
The hyperbolic distance d» (x, y) between x, y € B” in the Poincaré ball model is
given by the formula

20x — y|? )

dep (x, y) = arccosh(1 + A==y

From this, we immediately obtain for x € B”,

p(x) := dgn (0, x) = 2arctanh|x|
1+ |x]

(1)
1 — x|

which is the distance from x € B” to the origin. Moreover, the geodesic curves

passing through the origin are the diameters of B"” along with open arcs of circles in
B" perpendicular to the boundary at oo, dB"” = §"~! = {x e R" : |x| = 1}.
The hyperbolic volume element is given by

2
dv = p"(x)dx = (1

—r

z)nrnfldrda

where dx denotes the Lebesgue measure in B"” and do is the normalized surface
measure on S"~!. Note that the hyperbolic volume element dv can be written in
geodesic polar coordinates as

dv = (sinh p)" " 'dpdo.

A hyperbolic ball in B™ with center 0 and hyperbolic radius R € (0, 00) is defined
by

Br ={x e H" | dun (0, x) < R}

and note that By, is also the Euclidean ball with center O and radius S = tanh% € (0,1).
The following polar coordinate integration formula holds for f € L' (H"),

fdv= /Oo (/ f(p,e)da) (sinh p)"~'dp.
Hr 0 st
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It is clear that the volume of a hyperbolic ball By is

R
Vol(Bg) = nw, / (sinh p)"dp,
0

where w,, denotes the volume of the n-dimensional Euclidean unit ball.
Furthermore, the following estimate holds,

R
Vol(Bg) = nw, / (sinh p)"~'dp < w,(sinh R)".
0

We have the following two relations for the distance function d(x) := log( }fm)
IVand| =1,
n—1
Agnd > , X ;é 0.
0

The following Poincaré inequality in H" is due to McKean [30] for p = 2 and
generalized for any p > 1 by Strichartz [35],

_ 4
/H Vil = (”Tl) /H plPdv (3.25)

where ¢ € C2°(H") and 1 < p < oo. Furthermore, the constant ("p;l)p is sharp (see
[6,31]).

3.2. Applications of Theorems 3.1-3.3

In this subsection, we present several Hardy-, Leray- and Poincaré-type inequali-
ties with remainders after making suitable choices of weights p and § satisfying the

hypothesis in Theorems 3.1-3.3 in the hyperbolic space H".

14+]x]|
I—|x]

Using Theorem 3.1 with p := dp» (0, x) = log(
following corollary.

), we immediately obtain the

Corollary 3.2. Let B be the unit hyperbolic ball in H", n > 2 and 1 < p < n. Then
we have,

—1\? p
Vil Pdv > (p ) / 19l —dv
B, p B, pP(log )P

p—1 "‘1/ |7
-p|— — 4
+ (n P)( > ) B, p7(log /1_))],_1 v

forall p € C°(By1). Furthermore, the constant (pT_l)p is sharp.

(3.26)
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Proof. To show that the constant (Ple)p is sharp, we use the following function:

p—1

2 (1n 1)’p

¢ (p) = El I)Pleme)
n_

P

1 .
(+€) if 0<p<a

IS}

if a<p<l

where a is a constant. Notice that ¢ (p) is a smooth function with compact support in
H", direct and tedious computation shows that (ijl)p is the best constant,

<p_1>17 . fBl |Ving|Pdv
—— ) =lim

T 50 lp]? '
4 e~ fBl pP(log%)l’dv

O

‘We now turn our attention to some applications of Theorem 3.2. First, let us consider
the pair of functions,

1
p = log <l * |X|> and § := @' -DPU-mp,
1 — x|

It is obvious that they fulfill the hypotheses of Theorem 3.2, hence we have the fol-
lowing Hardy—Poincaré-type inequality.

Corollary 3.3. Let Bg be the hyperbolic ball in H", centered at 0 and radius R =
1
5—:;(2,,_1—1_1)? where 2 < p < n. Then, the following inequality holds,

_ P _ p
/ (V| Pdv > <—” p) / 1 4 <—" 1) / |1Pdv  (3.27)
BR P BR lop p BR

forall g € CZ°(Bp).

On the other hand, by making the choices

1 1\7!
p = 10g< * |x|> and 6 := <1n —> ,
1 — |x| p

we derive the following Hardy—Leray-type inequality.

Corollary 3.4. Let 2 be a bounded domain with smooth boundary 082 in H", 2 <
p <nandsupod < 1. Then for all $ € C°($2), we have

— O\ P
/ V| Pdv > <u) 21"
7] p 2 pP

1 _1\? p (3.28)
(=) (55) Lo
or (in)




3694 G. R. GOLDSTEIN ET AL. J. Evol. Equ.

Finally, let us look at the some consequences of Theorem 3.3. We consider various
functions p and § to achieve different inequalities. Although some of the following
inequalities are similar to each other, we should note that they contain different con-
stants. To avoid confusion, we always first write down the term containing the sharp
constant and the name associated with that term.

In the following corollaries (Corollaries 3.5-3.8), d(x) = log( }flil) denotes the
hyperbolic distance between the origin and the point x € B".

Now, let us consider the special functions

We have the Hardy—Leray-type inequality.

Corollary 3.5. Let 2 be a bounded domain with smooth boundary 082 in H", 2 <
p <nandsupod < 1. Then for all ¢ € CX°(82), we have

_ p P
/ Vin|Pdv > (u) 2 .,
Q p o dr

1 p—1\? lp1?
d
+<2f"1—1>< p ) /gdp(lng)” !

Another application of Theorem 3.3 with special functions

(3.29)

p = d% and §:=e¢ ¢

leads the following Hardy-Poincaré type inequality.

Corollary 3.6. Let 2 be a bounded domain with smooth boundary 082 in H", 2 <
p <nandsupgod < 1. Then for all § € CX°(82), we have

_ P )4
/ Vi [Pdv (u) lel”
Q )4

o dp

1 p—1\?
(=) (557) fweres

On the other hand, by making the choices

(3.30)

1 ! d s —d
= 1n — an =e
P d

we derive the following Leray—Poincaré inequality.

Corollary 3.7. Let 2 be a bounded domain with smooth boundary 92 in H", 2 <
1—
p <nandsupod < =3 Then for all ¢ € CX°(£2), we have

_ P
/ Vi d|Pdv > (p 1) / |¢|,,l dv
Q p Q d/’(lnd)l’

1 p—1\*
=) (57) Lores

(3.31)
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Another consequence of the Theorem 3.3 with the special functions

— 't d §:=1
i=e -1 an =1In-
P ¢ d

leads us to the following Poincaré—Leray-type inequality.

Corollary 3.8. Let 2 be a bounded domain with smooth boundary 082 in H", 2 <

n—p
p <nandsuppd < T—;

fWHn |Pdv>< ) f|¢|”dv
p—1 |p17
+(2P—1—1)< p ) /de(lnﬁ)l?dv

3.3. Applications of Theorem 2.1

. Then, we have

(3.32)

forall g € CX(£2).

We are now ready to present some applications of Theorem 2.1.
In our first result below, we consider the Hardy potential.

Corollary 3.9. Let $2 be a bounded domain with smooth boundary 052 in H", n > 2,

0€ R Hy= ("L and V(p) = 5 where p = 1og(}+}§}) Then, theproblem(l.l)

has no generalzzedposztlve local solution off of K = {0} ifc > H), and 2~ n+1 <p<2

Proof. Given € > 0, we define the radial function ¢ (x) = ¢(p) by

e%p if 0<p<e,

p r if e<p<l,

®(p) _ (3.33)
2—p if 1 <p=2,
0 if p>2.
Then,
e if 0<p<e,
L L 1,
[VEnp|? = e == (3.34)
1 if 1<p<2,
0 if p>2.

Without loss of generality, we assume that B, = {x € H" | p < 2} C £2; if not, we
simply redefine ¢, replacing 2 by R where Bg C $2. This results only in notational
changes in the proof that follows.

We want to show that

o JalVaeldv - fq L=5¢ 1617 (x)dv
a; = m = -
T gzpecE(@\K) [o 10lPdv
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Direct computation shows that

€
/ |VHn¢|Pdv=nwn/ e "(sinh p)"dp
2 0

bin— p P —N o n—1
+ nw, —— ) p "(sinh p)" "dp (3.35)
€ p

2
+na)n/ (sinh p)" " 'dp.
1

Similarly, we get

(1—e)c 'W = c(l — e)nwn(f€ ¢~ (sinh p)"~'dp
0

1

+/ o "(sinh p)"'dp (3.36)
€
2 2 _ p

+/ (—p> (sinhp)"*‘dp).
1 o

It is clear that
/|VHH |1’dv—/ ad- |¢>|1’d v =nwyA /(smhp)” Ydp

1
+na)nB/ o (sinh p)" " 'dp
€

2
+ noy, f (sinh p)"~'dp
1

2 P
9 _
+nwnC/ <—'0> (sinh p)"'dp,
1 1Y

(3.37)
where A =€ "(1—c(l—¢)), B = (%)1’ —c(l—¢)and C = —c¢(1 —¢). Note that
the first, third and fourth integrals on the right hand side of (3.37) have finite values.
Hence, we have

1
/|VHn |Pdv—/ < |¢>|pd —nwnB/ p "(sinh p)"'dp + C
‘ (3.38)

where C is a positive constant.
On the other hand,

/ |¢|”dv=/ e_”ppdv—i-/ ,op_”dv—i-/ 2 — p)Pdv
2 B, B;\Bc B>\B,

1
znwn/ pP " (sinh p)"~'dp
€

1
> nwn/ p?ldp
€

1 —e€?

(3.39)

= nw,
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since sinh p > p. Substituting (3.38) and (3.39) into the Rayleigh quotient gives

o \VanglPdv - [, C(}O—;e)|¢|1’dv
B [ #Pdv

n—p p 1 —p, - n—1 ~ (340)

n —=) —c(l - hp)'*7'dp)+C

3 nw ((( > ) ¢ €)) [ p~"(sinh p ,o) |

—= —eP
nwy, 176

Note that (%)P —¢(1 — €) < 0 and using the fact p < sinh p < 2p for p € [0, 1],
we get
1
lim | p"(sinh p)" 'dp = 0.

e—0 J

Hence, for € > 0 small enough,

[o IVimg|Pdv — [, L= 1917 dy

inf o = —c0.
0#£¢eC(2\(0) Jo lolPdv
The proof of Corollary 3.9 is now complete. g

Corollary 3.10. Let §2 be a bounded domain with smooth boundary 052 in H", n > 2,

0e R Hy=( V(p) = pL,,+p’L,, sin(7), where p = log(1£4), ¢ > 0,a > 0

and B € R"\{0}. Then the problem (1.1) has no generalized positive local solution off
of Kifc > Hpandnz% <p<2

Proof. In order to show that oj,r = —00, we use the same test function ¢ in Corollary
3.9. The details are omitted. O

In the following corollary, we use the Leray potential obtained from Corollary 3.2
which is a result of Theorem 3.1.
Corollary 3.11. Let By be the unit hyperbolic ball in H*, n > 2, V(p) = m
)
where p = log(ijil) and L, = (ijl)”. Then, (1.1) has no generalized positive

local solution off of K = {0} U 0B if ¢ > L, and n2—+"1 <p<2

Proof. Let ¢ (x) = ¢(p) be the radial function defined by

1 if 0<p=<!
(p) = NG+ . (3.41)
<ln;) if L<p<1,
where € > 0. Then
if 0<p< %,

0
|VEn g ()7 = <p_1 (3.42)

—)p(l + o byl i Lop <,
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A direct computation shows that

p_l p 1 1 pe—1—e 1
/ |Vin¢|Pdv = nw, (—) (1+e)1’/ (m-) — (sinh p)" " dp.
B p % P pP

(3.43)
Similarly, we get

1

¢ SN
————|¢1Pdv =nwy,c In — —(sinh p)" " 'dp
B pr (ln %) 0 p pP

1 1 pe—1—e 1
+nwnc[ (ln —) — (sinh p)" " dp.
! o pP

Since the first integral on the right-hand side of (3.44) is finite, we can write

(3.44)

c » eyt o
/Bl pﬂT%)ﬁ'qal dv = nwnc/i <1I1 ;) p—p(smhp) d,0+C1 (345)

where C; > 0.
On the other hand,

1
|¢|”dv=/ dv+/ (In —)(P=DU+O) gy
B Bl B]\Bl P

(3.46)
> Vol(B1) = Cy, > 0.
Substituting (3.43)—(3.46) into the Rayleigh quotient gives
(1—€)c
» fB] |VH"¢|pdv_fBl pP(ln%)P|¢|pdv
a g, 161Pdv
non((Z5HP(+ )7 = e+ ce) [Lan byre=1=¢ L (sinh p)"~1dp + €,
< £ .
=< G
(3.47)
The conclusion
lim R = —o0
e—0

follows from

1 pe—1—e
lim (ln —) 0" P ldp = +o0
e—0 61 P

since p < sinh p < 2p for p € [0, 1] and (”T_l)p(l +€) —c+ce <0fore >0
small enough.
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1
The substitution z = In(—) gives
P

1 1\ Pe—1—e 1
1 :=/ (ln —) 0" P ldp =/ PPz,
AN 0

Thus,

as € — 0, which completes the proof. 0
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