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ABSTRACT. In this paper, the main idea is to present the solvability of the word
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1. Introduction and preliminaries. Group presentations arise in various ar-
eas of mathematics such as knot theory, topology, and geometry. Another mo-
tivation for studying group presentations is the advent of softwares for symbolic
computations like GAP. Providing algorithms to compute group presentations of
given groups (semigroups) is a great help for the developers of these softwares. So,
in this work, we consider monoid presentations of pure virtual braid groups PV,
(n > 3) and find a Grobner-Shirshov bases for these monoid presentations. Thus,
by these Grobner-Shirshov bases we characterize the structure of elements of this
important group structure. Therefore, we obtain solvability of the word problem.

Algorithmic problems such as the word, conjugacy and isomorphism problems
have played an important role in group theory since the work of M. Dehn in early
1900’s. These problems are called decision problems which ask for a yes or no
answer to a specific question. Among these decision problems especially the word
problem has been studied widely in groups [1]. It is well known that the word
problem for finitely presented groups is not solvable in general; that is, given any
two words obtained by generators of the group, there may be no algorithm to decide
whether these words represent the same element in this group.

Virtual braid groups V B,, were introduced by L. Kauffman in [22] and studied
subsequently by many authors. In fact, these groups appeared in another context
under the name of n-th quasitriangular group QT'r,, associated to the Yang-Baxter
equations [7]. Actually the group V B, is an extension of the classical braid group
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by the symmetric group [23]. Virtual braids have a group structure that can be
described by generators and relations, generalizing the generators and relations of
the classical braid group. This structure of virtual braids is worth study for its
own sake. In the virtual braid group two types of crossings are allowed, firstly
as usual braids or secondly as an intersection of lines on the plane. As for the
classical braid groups there exists the canonical epimorphism from virtual braid
groups V B,, to the symmetric group S,, with the kernel called the pure virtual
braid groups PV,,. Here, there is a short exact sequence which gives us information
about the relationship between virtual and pure virtual braid groups.

1—-PV,—>VB, — S5, — 1.

Like the usual pure braid groups, pure virtual braid groups PV,, admit a semi-
direct product decomposition [5]: for n > 2, the n-th virtual pure braid group can
be decomposed as

PV, =Vy | x PV,_q,

where V*_, is a free subgroup of PV,, and PV; is a trivial group.

In paper [6], authors noticed that the pure virtual braid group PV; is isomorphic
to the free group on two generators F,. Since the word problem for free groups
is solvable, the pure virtual braid group PV, has solvable word problem as well.
Thus, it is worth to study solvability of the word problem for pure virtual braid
group PV, (n > 3). In [8], the authors gave a simple and easily implementable
solution to the word problem for virtual braid groups.

There are many important studies about Grobner-Shirshov bases of braid
groups in literature. For instance, Bokut found Grébner-Shirshov basis for the
Braid group in the Artin-Garside generators [12]. Then, the same author stud-
ied Grobner-Shirshov basis for the Braid group in the Birman Ko-Lee generators
[13]. Later, Chen and Zhong calculated Grébuner-Shirshov bases for braid groups
in Adyan-Thurston generators [18]. Hence, in this paper, by considering the im-
portance of braid groups and their derivations we study Grobner-Shirshov basis of
pure virtual braid groups PV,, (n > 3). As known, the method of Grébner-Shirshov
basis which is the main theme of this paper gives a new algorithm to get normal
forms of elements of a group, and so a new algorithm for solving the word problem
in given group.

At this part of paper we will give a short material on Grobner-Shirshov bases.

The Grobner basis theory for commutative algebras was introduced by Buch-
berger [16] and provides a solution to the reduction problem for commutative alge-
bras. In [9], Bergman generalized the Grobuner basis theory to associative algebras
by proving the “Diamond Lemma”. On the other hand, the parallel theory of
Grobner bases was developed for Lie algebras by Shirshov [25]. In [11], Bokut
noticed that Shirshov’s method works for also associative algebras. Hence, for
this reason, Shirshov’s theory for Lie algebras and their universal enveloping alge-
bras is called the Grobner-Shirshov basis theory. We may finally refer the papers
[3, 4, 14, 15, 19, 20, 21, 24] for some studies over Grobuner-Shirshov bases. We can
also refer the readers to a good reference [2] to understand normal forms for the
monoid of positive braids by using Groébner-Shirshov basis.
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Let K be a field and K(X) be the free associative algebra over K generated
by X. Denote X™ the free monoid generated by X, where the empty word is the
identity denoted by 1. For a word w € X, we denote the length of w by |w|.
Suppose that X™ is a well ordered set. Then every nonzero polynomial f € K (X)
has the leading word f. If the coefficient of f in f is equal to 1, then f is called
monic.

Let f and g be two monic polynomials in K (X). We then have two compositions
as follows:

e If w is a word such that w = fb = ag for some a,b € X~ with |f| + [g] > |w],
then the polynomial (f, g),, = fb—ag is called the intersection composition of
f and g with respect to w. The word w is called an ambiguity of intersection.

o If w= f = agb for some a,b € X, then the polynomial (f,g), = f — agb is
called the inclusion composition of f and g with respect to w. The word w
is called an ambiguity of inclusion.

If g is monic, f = agb and « is the coefficient of the leading term f, then
transformation f — f — aagb is called elimination (ELW) of the leading word of ¢
in f.

Let S C K (X) with each s € S monic. Then the composition (f, g). is called
trivial modulo (S, w) if (f,9)w = D a;a;s;b;, where each o; € K, a;,b; € X* s, €8
and a;35;b; < w. If this is the case, then we write (f,g), =0 mod(S,w).

We call the set S endowed with the well ordering < a Grébner-Shirshov basis
for K (X | S) if any composition (f,g), of polynomials in S is trivial modulo S
and corresponding w.

The following lemma was proved by Shirshov [25] for free Lie algebras with deg-
lex ordering (see also [10]). In 1976, Bokut [11] specialized the Shirshov’s approach
to associative algebras (see also [9]). Meanwhile, for commutative polynomials, this
lemma is known as the Buchberger’s Theorem [16, 17].

LEMMA 1.1. (Composition-Diamond Lemma) Let K be a field,
A=K (X|S)=K(X)/Id(S) and < a monomial ordering on X", where Id(S) is
the ideal of K(X) generated by S. Then the following statements are equivalent:

1. S is a Grébner-Shirshov basis.
2. f€Id(S)= f = asb for some s € S and a,b € X"

3. Irr(S) = {u € X" | u # ash,s € S,a,b € X"} is a basis for the algebra
A=K (X|8S).

If a subset S of K(X) is not a Grébner-Shirshov basis, then we can add to S all
nontrivial compositions of polynomials of S, and by continuing this process many
times (maybe infinitely), we eventually obtain a Grobner-Shirshov basis S°"?. We
should note that such a process is called the Shirshov algorithm.

Throughout this paper, by considering the lengths of any two words, we will use
the deg-lex ordering if the lengths of these words are different or lexicographically
ordering if otherwise. Additionally the notations (i) A (§) and (i) V (j) will denote
the intersection and inclusion compositions of relations (i) and (j), respectively.
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2. Main results. In this section, we would like to obtain solvability of the word
problem for pure virtual braid groups by using Grébner-Shirshov basis theory.
Maybe, some algorithms may obtain solvability of the word problem for some
algebraic structures by using computer programs, but there is no any general packet
program including algorithms which show the solvability of the word problem for
pure virtual braid groups. From this point of view, the results given in this paper
become important. Since we use the method of Grébner-Shirshov basis theory,
presentation for pure virtual braid group PV,, (n > 3) isrequired. This presentation
is as follows [23]:

PV, =(prs(1 <r#s<n) 5 pijlieltie = Mkt (for all distinet 4, 7, k),
pihe = prapsg ({6,530 {k, 1} =0)) . (1)

We now give the monoid presentation of PV, given in (1) as follows:

(frss s (L <7 #5<n) 5 pigpharpige = pkpakpig (for all distinet i, j, k),
Wit = preipag ({4, 5y 0 {k, 1} =0),
firstips = firg firs = 1) . (2)

To obtain Grobner-Shirshov basis of pure virtual braid group PV,,, let us order the
generators as fi; > ui_jl > i > ui_,;, iff i > 4" or if ¢ = i’ then j > j'. We note
that the presentaion given in (2) will be used in our results.

Firstly, we consider the pure virtual braid group PV3. For this group, we
have generators as pi12, fi13, f21, f123, (131, ft32. Since we have the ordering between
generators given above, we can write this ordering more precisely

-1 -1 -1 -1 -1 -1
H32 > Pz > W31 > flgy > f23 > Hogz > H21 > Moy > H13 > flig > fa2 > Hyg -

We should note that for pure virtual braid group PV3, the relation pi;; ik = firifti;
does not exist in Grobner-Shirshov basis. Now we can give the first main result of
this work.

THEOREM 2.1. A Grobner-Shirshov basis of pure virtual braid group PV3 consists
of the following relations:

(1) pospispaz — piopi3pies,
(2) po1paspins — pispiospion,
(8) mzipsap2 — pa2fts2ptsl,
(4) paopiap13 — pazptizpise,
(5) ps1pi21 23 — H23 o131,
(6) psapesipior — p2131 432,
(7) uzl(ulzﬂw)zuzg - Ml3ﬂ23ﬂ21#12(#13#12)x71 (l’ > 1),
(8) pa1(p13p2s)” o1 — pospor i pas (pospns)™ ! (2 > 1),
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(9) pa1(paspaz)® (p21p31)* - - - (paspa2)®® (p21ps1)™ paz
—paapizapiarps (paopas) ™ (us1pa1)® -+ - (paopas)®® (st fior )™
(a1 > 1; az,a3,a4 > 0),

(10) :“32(/123/121)171 (M12N32)b2 (ﬂ23M21)b3 (M12M32)b4u31

— o1 131 a2 oz (o1 pos) P~ (a2 pin2)? - - (21 pos) ™ (usapinn)™

(b1 > 15 b2, b3,bs > 0),

(11) pz1paz(pazpzn) (pa2ps2) (p2spa1) - - - (pazpo1)“ (H12/432)
(Ho3ia1)® a1 — pa2fis2 i pasist (o1 pa2) ™ (a2 pa2) ™ (po1 pos) ™

o (po1pi2) (p2p12) (o1 p23)®  (c1,c2 > 15 ¢3,¢4,¢5,¢6 > 0),

(12) paafios (i p12) ™ (a1 ps1) ™ (paspaa) ™ - - - (p2pa2) ™ (a1 ps1 )%
(M13M12)d°M32 - M21M31M32M23H32(M12M21)d1 (M31u21)d2_1(u12u13)d3

o (popion) ™ (a1 p21)® (pi2piz) ™ (di,de > 1; d3, da, ds, dg > 0),

(13) pa1(paspaz)™ (Ho1pa2)® (Hazin2)® (p21pz1) ™ -+ - (H13pa2)® (H21p12)°
(t32p012) 7 (21 p31) S p3a — pa2pisa i1 pasfia pro1 (p2ps2)“ (L1 a1 )
(H12p13) ™ (parpon) - (a2pns)® (Hazpion)®° (Haaps2) <7 (Ha1pa1)
(e1,e4 > 15 eg,e3,€5,¢€6,€7,8 > 0),

(14) 32 (paspar)” (p12p21) " (31 p21) 7 (mazpa2) ™ - - (pasprar) ™™ (paaprar)
(M31M21)f7(M12M32)f8M31 - M21M31M32M23M32M12(M21M31)f3

(Ho1p12) 7 (o1 pt23) '~ (psapa2) 70 - (21 pos) ™ (o1 pr12) o
(H21p31) 77 (paapnz) ™ (fi, fa > 15 fa, 3, f50 foo fro fs > 0),

(15) mapyy — 1, (16) pazpyy =1, (17) porpgy' — 1, (18) paapzs — 1,
(19) paipz — 1, (20) pszpzy — 1, (21) ppy e — 1, (22) pgs s — 1,
(23) pig piz1 — 1, (24) pigz pos — 1, (25) pzi'psn — 1, (26) gy pgz — 1.

Cs5

fa .. fe

Proof.  We need to prove that all compositions among relations (1) — (26) are
trivial. To do that, we have the following ambiguties w:

(1) A(15) 1w = pasmspizpis s (2) A (L) s w = porpaspuspig,
(2) A (16) s w = porpospspgy ,  (3) A (4) 1w = pgipigapniofns,
(3) A (15) s w = psipsapnapns,  (4) A (16) s w = psapnnapiisiing
(5) A (1) 1w = ps1po1pospinzpinz,  (8) A (2) - w = psifio1 fi2s i3,
(5) A (18) s w = 1o pozping () A (2) 1w = puzopuzi jio pro3fing,
(8) A (B) : w = paopzi pior oz, (6) A (17) = w = pgopuz pior oy
(6) A (7) - w = psapzipior (12p13) " pos (x> 1),

(T) AN () 2w = por(pagpns)” paspazpnz - (x> 1),

(7) A (18) 1w = pgr(paops) paspiny (x> 1),

(8) A (2) : w = pa1(paspes)” porpaspns (x> 1),
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(8) A (T) : w = pa1(pazpas)™ pa1 (pazpns) @ pes (21,2 > 1),

(8) AN(AT) 1w = ps1 (paspas) porpiay (x> 1),

(9) A (4) : w = pz1(paspa2)® (21 ps1)® - - - (Haspa2)® (H21p31)™ p32pi2 13
(a1 > 1; ag, a3, a4 > 0),

(9) A (8) : w = p31(pa3pa2)™ (po1pzn)® - - - (pa3pea2) ™ (21 ps1) ™ p3z iz pot
(a1 > 1; ag,a3,a4 > 0),

(9) A (10) = w = pzy (pazpea2) ™ (21 pez1)™ - - - (pa3pea2) ™ (21 przn)™
pr32(p2s o1 ) (Ha2ps2)? -+ (pazpinr)™ (1o pta2) st

(a1,b1 > 1; ag,as, aq,bz,b3,by > 0),

(9) A (12) 1w = pz1 (paspae) ™ (p21p31)™ - - (paspn2)*® (p21 1) pazpizs
(21 p12) ™ (21 p31)® (pazpa2) ™ - - (po1pa2)™ (po1 pis1) ™

(Hspin)®pze (a1, di,do > 15 as, a3, a4,dz, da, ds, dg > 0),

(9) A (14) 1 w = pz1(pazpa2)™ (p21pz1)® - - (paspa2)®® (H21 1) a2
(po3pion) ™ (a2 pion) 7 (a1 o1 )72 (piopa2) ™ - - (s pion) 7 (pazpion )76 (g1 por )77
(Haps2) st (an, f1, f1 > 15 as,as, a4, fo, f3, f5, fo, fr. fs > 0),

(9) A (20) : w = pz1 (pazpa2) ™ (21 pis1)™ - - (s pa2)™ (pa1prsn) ™ psapizy
(a1 > 1; ag,a3,a4 > 0),

(9) A (8) : w = pa1(pazpa2)™ (w21 ps1)® - - - (paapae) ™ (Ho1pa1)
porpi31ptzepriz (a1, a4 > 15 az, a3 > 0),

(10) A (3) : w = pza(paspon)? (pa2ps2)’? -+ (paspinr) (p12pt32) " a1 prazin
(b1 > 15 b2, b3,bs > 0),

(10) A (5) : w = pga(paspor) (pa2ps2)?? -+ (aspinr) (p12pt32) " 31 o fio
(b1 > 15 ba, b3,b4 > 0),

(10) A (8) : w = s (paspior)™ (paaps2)? - - - (paspar)™ (pazpis2)
pa1(p1spies)“por (b, x> 1; b, bz, by > 0),

(10) A (9) 1 w = piga(piazpion)™ (pazpa2)? - - (p23piar)™ (paapse) ™

w31 (paspea2) ™ (poa 1) - - - (pazpa2)® (po1psr) ™ ps2

(b1,a1 > 1; by, b3, by, az,a3,a4 > 0),

(10) A (11) : w = pgo(pospor) ™ (p1zpis2)™ -+ (H2spz1)® (pazpisz)

w1z (paopior) (pa2ps2)? (pospior ) - - - (pr2p21)“ (H12p32)®
(pasp1)pzr (b1, c1,c2 > 15 ba, b3, by, c3,c4, 5,6 > 0),

(10) A (13) : w = paa(paspar)™ (pazps2)® - - (p2spizr)™ (pazps2) ™ ps
(p13pa2)* (21 p12) (H32he12)“ (21 p31)“ - - - (H13pe12)“® (p21p012)
(p32p12) " (H21p31)® p32 (b1, e1,e4 > 15 ba, b3, by, eae3, €5, €6, €7, €8 > 0),

a4—1
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(10) A (19) : w = ps2(paspion)™ (p12s2)’ -+ - (p23p1)® (p12ps2) ™ ps1 sy
(bl Z 17 b27b3ab4 Z 0)7

W = 32 H23 21 pizp32) % < - (M2 po1)® (M1 /32
(10) A (6) ( )P ( )Pz ( )%3( )
pizpisapsipror (b1,bg > 15 ba,b3 > 0),
(11) A (3) : w = parpraz(paapzn) (pa2ps2) (H2spin) - - - (pa2p21)™
(1232) (pospo1)C pa1psapre (c1,02 > 15 cs,cq,¢5,¢6 > 0),

FW = 3113 (H12M421 H12432 posfor)™® - - (H12p21
(11) A (5) ( ) ( )( ) ( )
H12 432 H23 21 ) " 31 121 23 C1,C2 = 15 C3,C4,C5,C6 = V),
( ) ( )< ( >1 >0)
(11) A (8) : w = parpraz(paapizn) (pi2ps2) (H2s3pin)® - - - (pa2pi21)™
(12/432) (pospo1) a1 (paspes) o1 (c1,c2,x > 1; ¢3,¢4,¢5,¢6 > 0),
(A1) A(9) 2 w = parpz(pazpr) (pizps2)“? (paspor)® - - - (H12pe1)™
(1232) (posea1) a1 (Bispea2) “ (o1 p31)®? - -+ (Hasp12) ™ (po1fes1)“ 32
(Cla C2, Q1 Z 17 C3,C4,Cs5,C6, 02,03, 04 Z O)?

(1) A (A1) : w = pgrpas(pazpizn) (1apa2) ™ (Hasper)® - - - (H12p21)™

’ ’

(H12132) (o3 ea1) a1 pas (azeor )t (Riops2) 2 (Has o1 )3 - - - (pi2pte1 )

byi—1

(p12pe32)s (p2s 1) 31 (01,02,01,0/2 > 1 03,04,05,0670;,70;70/5,0/6 >0),
(11) A (13) : w = pgipas(pazpiar) (pr2ks2)™ (p2spz1)® - - (Hizpa1)™
(p12p32)® (p2s 1) a1 (p3pa2) (o1 pr12) “ (a2 p12)® (21 psr) - - -
(p13p12)® (21 p012) (32pe12) 7 (o1 pr31) S 32

(c1,c2,e1,e4 > 15 c3,c4,C5,C6, €2, €3, €5, €6, €7, €8 > 0),

(11) A (19) : w = parps(pazpion) (12ps2) (pespa1)® - -+ (H12p21)
(H232) (pospion) psipizy (1,2 > 15 c3,¢4,05,¢6 > 0).

In the relation (11), if we take ¢c¢ = 0 and ¢5 > 1 then we have the intersection
(11) A (6) as follows.

(11) A (6) : w = pz1paz(pazpior) (pazps2) (Haspior)® - - - (H12p21)™
(p12pt32) Fpiopaopsiper (c1,c2 > 1; c3,c4,c5,¢6 > 0).

Similarly, in the relation (12), if d¢ = 0 and ds > 1 then we have

(12) praz oz (2 p12) ™ (p2n p31) 2 (pazpen2) ™ - - - (pr21 pa2) ™
(M21M31)d5_1M21M31M32 — M21M31M32M23M32(M12M21)d1 (/$:>)1M21)d2

(/~L12M13)d3 e (,ulz,uzl)d4 (,u31u21)d571lt31u21
(di,d2,ds > 1; d3,dy,dg > 0),

—1

and we get the intersection composition (12) A (3) as follows.

(12) A (3) : w = psapinz(p21p12)™ (21 p131) ™ (Haspa2)® - - (o1 p12)™
(M21M31)d5_1M21M31/~t32M12~
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We also have the following ambiguities.

(12) A (4) : w = psapios(pznpaz) ™ (B2 ps1) ™ (paspnz)™ - - (a1 pa2) ™
(Ho21131) ™ (pasp12)® psapiiopms - (di,do > 15 ds,dy, ds, dg > 0),

(12) A (8) : w = psapios(piarpiaa) ™ (parpian)® (paspa2)® - - (p21 )™
(o1p131) ™ (13pa2) ® paopsipor (di.da > 1; ds, dy, ds, dg > 0),

(12) A (10) : w = paapins(po1 pin2) ™ (a1 pa1) ™ (paspaz) ™ - - - (p21pa2) ™
(,u21M?,1)d5 (MlSMlQ)dGMSQ(M23M21)b1 (M12M32)b2 e (M23N21)b3 (M12M32)b4/~t31
(dy,dz,by > 15 d3, dy,ds, dg, ba, b3, by > 0),

(12) A (12) : w = paopins(po1pn2) ™ (a1 psr) ™ (aspaz) ™ - - (p21pa2) ™

’ ’

(M21M31)d5 (M13M12)d6M32M23(M21M12)d; (M21M31)d/2 (M13M12)d3 T (M21M12)d4
(21p31) = (paaprn) o pga (v, da,dydy > 1; dy,da, ds, dg, dy, dy, ds, dy > 0),
(12) A (14) : w = paopioz (2 p12)™ (21 p31) ™ (pazp2) ™ - - - (21 pr2) ™

(121 131) ™ (a3 p12) ™ pisa (pas pon) T (Ha2pio1) 7 (g1 pro1) 72 (Haapise) T - - -
(u23u21)f5 (u12ﬂ21)f6 (,U31/1J21)f7 (M12H32)f8l£31

(d,dz, f1, fa > 1; d3,da, ds, ds, f2, f3, f5, fs, fr, fs > 0),

(12) A (20) : w = pzopioz (2 p12)™ (p2np31) ™ (pazpnz) ™ - - - (21 pa2) ™
(p21p31)® (p1spn2) ™ paopizy  (dy,da > 15 ds, dy, ds, dg > 0),

(13) A (4) : w = pa1(p1zpa2)™ (po1p12) (na2pn2)® (21 p31) ™ -+ (pasp12)
(p21p112) % (p32pe12) ™ (21 e31) S paopiiapins (e1,e4 > 15 ez, e3,e5, €6, €7,e8 > 0),
(13) A (6) : w = p31(pa3p12)® (H21pa2)? (p32p12)® (H21p31) - - - (H13p12)
(p21p12) % (32pe12) " (21 pe31) S psapsi 21 (€1,e4 > 15 e, €3, €5, €6, €7,e8 > 0),
(13) A (10) : w = p31(pazpeaz) (po1pr12)“ (szpr2)® (21 ps1) - - - (pa3p12)
(p11012) % (ta212) 7 (21 p31)“® s (pazpinn) (a2 pis2)? - - (p2spion)
(H12p32)™ st (e1,e4,b1 > 1; e, €3, €5, €6, €7, 5, b2, b3, by > 0),

(13) A (12) : w = pz1(pazpa2) (po1pr12)“ (sep12)® (21 ps1) - - - (pa3p12)
(121 1112)° (p32112) 7 (121 f131) ®® aapins (21 pa2) ™ (o1 pis1) ™ (s paz)® - -

(o1 p12) ™ (21 p31) ™ (13 112) ™ pso

(e1,e4,d1,dy > 1; ez, e3,e5,¢€6, €7, €8,d3,dy, ds,dg > 0),

(13) A (14) : w = p31(pa3p12) (po1pr12)“ (szp12)® (21 ps1) - - - (p13p12)
(t21£112)° (132 112) T (M21/L31)68M32(M23M21)f1 (u12ﬂ21)f2 (,u31,u21)f3 (,u12,u32)f4 xx
(p23p21)”® (pa2por) e (a1 po1) ™ (12 pis2) ™ psy

(e1,e4, f1,f1 > 1; ez, e3,¢es5,¢€6, €7, €8, f2, f3, f5, f6, f1, fs > 0),

(13) A (20) : w = p31(pa3pa2) (porpr12)“ (sep12)® (21 ps1) - - - (pa3p12)
(21p12)® (pa2pa2) ™ (ta1pis1) ® paopzs (e1,€4 > 1; ea,e3,e5, €6, €7, €5 > 0),
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(13) A (3) r w = pa1(pazpa2)™ (H21pa2)® (1azpa2)® (po1ptan)™ - -
(13p12)® (21 f112)° (a2 p12) < (o1 pt31) ™ o1 a1 o a2
(e1,€4,> 1; ea,e3,€5,¢6,€7,€8 > 0),

(14) A (8) s w = psa(paspior) ™ (pa2p21)’ (us1piar)™® (paapsa) ™ - -
(H2321) " (p12p121) 70 (31002177 (12 132) ™ a1 praz i

(f1; fa = 15 fa, f3, f5, fe, f7, fs > 0),

(14) A (5) 1w = pga(pazion) ™ (H1zpo1) ™ (1 p21)® (pa2psz) 1 - -
(H2321) 7 (p12p121) 70 (131002177 (p12032) ™ pr31 pro1 p13

(f1, fa = 15 fo, f3, f5, fo, f7, fs = 0),

(14) A (8) : w = psa(paspiar)” (n1zp21)? (a1 p21)” (pazps2) ™ - -
(p2321) " (p12p121) 70 (31002177 (p121132) 78 pan (aspios)* o
(f1, fo,2 =15 fo, f3, f5, fe, f7, fs = 0),

(14) A (9) = w = psa(paspiar) ™ (pazpion)* (ns1par)™® (pa2piaz)
(p23p121)7® (p12p121) 70 (pr31 2177 (p12pa32) 7 a1 (paspnn) ™ (po1pizn)* - -
(p13p2) ™ (p1 p31)™ ps2

(f1, fa,a1 > 15 fo, f3, f5, fo, f7, f3, a2, a3,a4 > 0),

(14) A (A1) 2 w = pga(paspon) " (piapian) ™ (a1 po1) 7 (12 pisa)
(p2321) 7 (p12p121)7° (31 0021) 77 (p12132) 78 pa1 pas (a2 21 (a2 402)
(p2sp1) - -+ (H12po1)“ (H12p32)“® (23 p21)“ 31

(f1, fa,cr,c2 2 15 fa, f3, f5, fo, fr, fs, €3, ¢4, ¢5,c6 > 0),

(14) A (13) 1 w = prga(paspon)" (piapiar) ™ (a1 po1) 7 (12 pisa)
(2spz1)’® (paz2pa1)7® (a1 p21) '™ (12 ps2) 7™ sy (paspa2) (21 paz)
(p32p12) % (H21p31) - - - (pa3pea2)® (o1 p12) (32 pi12) 7 (21 p31)“® a2
(f1, f1,e1,eqa > 15 fo, f3, f5, fo, f7, fs, €2, €3, €5, €6, €7,€8 > 0),

(14) A (19) : w = paa(paspar) ™ (pazpiar)’ (s1pon) ™ (paaps2) ™ - -
(123 p21) 7% (112121 )7 (M31M21)f7(M12M32)f8,u31/1§11

(f1, fa = 15 fa, f3, f5, fo, f7, fs = 0),

(15) A (21) w0 = propigins,  (16) A (22) 2 w = gy s,

(18) A (24) : w = paspigg pias,  (19) A (25) : w = pg1puay pan,

(21) A (15) :w = piy pzpys s (22) A (16) s w = pig mapy

(23) A (2) rw = pay porpaspas,  (23) A (17) s w = pugyt paa
(17) A (23) s w = por iy pio1,  (20) A (26) = w = pigopuzy sz,

(23) A (7) : w = pigy o1 (pa2pas) “pos (x> 1),

(24) A (1) s w = pizg pospinspnz,  (24) A (18) 1 w = piyy pasping
(25) A (3) 1w = pgy psapsapaz,  (25) A (5) : w = gy pan proa pas,
(25) A (8) 1 w = pgy psa (paspos)“par (x> 1),

fa L.

fa o

fa o
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(25) A (9) 1 w = p3y par (paspenz) ™ (o1 pan)® -+ (pazpa2)®
(p21p31) ™ p3e (a1 > 15 ag,a3,a4 > 0),

(25) A (11) : w = p3y par pas(pazpien) (Haopize) ™ (pospior) - - -
(p2p1)“ (H12p32) (p23po1)Cps1 (c1,¢c2 > 15 c3,¢a,¢5,¢6 > 0),
(25) A (13) 1w = pugy' pan (paspaz) ™ (2 pa2) ° (pszpinz) ® (a1 ps) - -
(p13p12) (21 p12) (H32pe12) ™ (po1 f31)“® 32

(e1,€4 > 15 e, €3,€5,¢€6, 7,68 > 0),

(25) A (19) s w = pgi sy s (26) A (4) 2 w = pgy psapiaps,
(26) A (6) : w = gy pszps piar,

(26) A (10) : w = p3y paa(paspzn) " (pazpis2) - - (p2spiar)™
(H1232) 131 (b1 > 15 ba, b3, by > 0),

(26) A (12) : w = piy pazpon(piar piaz) ™ (pa1pan)® (paspn2) ™ - -
(p211112) ™ (21 p31)® (pa3pa2) ™ paa

(di,dy > 1; d3,dy,ds,ds > 0),

(26) A (14) : w = pig5 paa(pasiior) ™ (f12p21) 2 (131 p121) 7 (a2 piz2) ™ - -
(/123/~L21)f5 (Mzﬂm)fﬁ (M31M21)f7 (M12H32)f8l£31

(f1, fa = 15 fa, f3, f5, fe, f7, fs > 0),

(26) A (20) : w = g5 p32fizs -

All these ambiguities are trivial. Let us show some of them as follows.

(9) A (10) : w = pz1(pazpa2)® (H21ps1)™ -+ - (Hazpa2) ™ (21 psn)™

pia (p2spin) (pazps2)™ - - (paspior)™ (n1zps2) " st

(a1,b1 > 1; ap,as,aq,ba, b3, by > 0),

(f, 9w = (31 (p13p12) ™ (21 p31)™® - - - (Ha3p2)®® (po1 ph31) ™ p32
—paapsapiarps (pazpns) ™ (pa1pen)® -+ (paapas)® (ps1pior)™)
(Ho3i21)" (12132)" - - - (p2spon)® (Ha2kse) ™ par —

a1 (pazpene) ™ (po1psr)® - - - (paspa2)®® (po1psr )™

(12 (pta3pio1) " (p12pt32)"% -+ - (p23pi21) ™ (p12pi32) " pisa

— 121 31 a2 iaz (21 poz) ™ (a2 ptn2)P? -+ (21 p2s)™® (32pt12))

= pa1(p13pa2) ™ (21 p31)® - - - (paapa2) ™ (po1ps1)™ pa1 a1 piazfios

(o1 123)" ~ (p32p12)? <+ (pa21 p123) " (132 pt12)
—puazpizapizn i1z (a2 pa3) ™ (a1 p21) 2 < - (p12i13) ™ (a1 p21) ™ (H2s o)™
(121132)"2 <+ - (p2spion)™ (12 p32)™ pa

= piiopiza iz s (i2pas) ™~ (s pen)® - (pa2pas)® (Hs1pia1)™

fi31 121 fro3 (P21 p23) '~ (psapi12)? -+ (21 pos) ™ (sapi2) ™
—paopsais iz (pazpns) ™ (Ha1p1)™ - (Hazpas)™ (a1 pon )™ (posior)
(121132)"2 <+ - (p2spio1)™ (p12p32)™ s
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= piiopzapan s (a2 pas) ™ (s p21)® < (pa2pas) ™ (a1 pior)™

fr23 o1 a1 (o1 o)™ (aapn2)? + - (po1 p123)"® (a2 pi12)

—pii2piza izt i1z (pa2p13) ™ (Ha1p21) ™ -+ (p12013) ™ (ps1 po1) ™ (p2spion )™
(H12432)" - -+ (p2sp21)?® (Ha2p32) " pat

= piiopzapan s (pa2pas)™ (s pen)® - (pa2pas)® (a1 po1) ™ (a3 por)?
f131 oo (o1 pos) ™ 2 (Haapi2)? + - (po1 p123)"® (a2 pi12) P

—p12piza izt i1z (a2 1) ™ (Ha1p21) 2 -+ (pa2i13) ™ (ps1 po1) ™ (p2spion )™
(124132)" - -+ (p2sp21)?® (Ha2p32) " pa .-

If the reduction process is repeated b; times then we get

= piopizapizr s (i)™~ (a1 pe1)® - (pa2pas)®® (Hs1pa1)™
(Ha3i21)" pa1 (ps2pi12)? -+ (21 pos)® (s2pin2) ™

—paapsa iz ps (pazpns) ™ (pa1pe1)® -+ (paops) ™ (s pior )™

(123 p121)" (Ha2pi32)? - - (p23p121)"? (Ha2p132) " a1

= puiopizapizr s (i)™~ (a1 pe1)® - (pa2pas)®® (Hs1pa1)™
(H23i21)" a1 paapina (paapin2) -+ (o1 p123) (pa2pa2) ™
—paopaaiat iz (pazpns) ™ (Hs1pe1)™ - - - (paapas)™ (a1 po1) ™ (paspion)
(H12p32)" - -+ (p2sp21)?® (Ha2ps2)™ st

= propsapsipas(azpns) ™ (s per)™ -+ (pa2p1s)® (a1 pio1)™ (s piar )™
(12p32) a1 (pa2pa2)?2 70 - -+ (21 p2s)® (Hsapin) ™
—paopaaiat iz (pazpns) ™ (Hs1p1)™ - - - (Haopas)™ (a1 o1 )™ (p2spior)
(H12p32)" - -+ (p2sp21)?® (Ha2k32)™ 3t

= piopazptan iz (azpns) ™ (Harper)™ - (pazpns)® (s pia1) ™ (23 pio1)
(12pi32)* 131 (a2 ptn2) P72 -+ (p21 23 )P (ua2pa2)
—paopaaiat s (pazpns) ™ (a1 p1)™ - - - (Haopns)™ (a1 po1) ™ (p2spior)™
(M12,u32)b2 te (M23M21)b3(M12M32)b4M31-

Similarly, we repeat reduction processes by times then we obtain

= paopsafizi pas(pazpns) ™ (s pen)® - (aopas) ™ (a1 por)™
(2spzr)™ (ts2i12)™ <+ par (21 pos) ™ (g2 pin2) ™
—pazptazptzn s (paapns)™ (a1 pa1)® <+ (pazpias) ™ (s pan) ™ (Haspion)™
(12132)" + -+ (p2spo1)™ (p12p32) ™ pa1.

We obtain the relation as follows when we continous reduction processes b3 times.

= fiapizapizt s (azpns)™ (a1 p2)® - - (Ha2pas) ™ (s o )™ (tas ptor)
(321112)" « -+ (P21 p23) ™ p1 (pazpa2)™
—paopaaiat s (paopns) ™ (a1 p1)™ - - - (Haopns) ™ (a1 pon) ™ (poshior)
(M12,u32)b2 T (M23M21)b3(ﬂ12M32)b4M31-
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Lastly, we repeat the same process by times then we get

= piopisapizr s (a2pas) ™~ (s pen)® - (pa2pas)® (a1 pia1)™
(123 1121)"" (Ha2pi12)%% - -+ (p121 123) " (32 pt12) ™ 31
—paopsaps iz (pazpns) ™ (Ha1pe1)™ - - (Hazpas)™ (a1 po )™
(123 p121)" (Ha2pi32)" -+ (p23p121)"® (a2p132) " a1 = 0.

Now we give more examples as follows.

(23) A (2):w = pyy porpiezpiny
(f,9)w = (un po1r — Dpospins — poy (B21pospins — fisfiospion)

= M511M13M23M21 — 23413

= o1y Hi3iosfiar — Ho1fl23lii3

= pispespier — po1fpezpiz = 0.

sw = pzoposz(po1p12)t (o1 p31)™ (13 p12)™ - - -

(12) A (3) ( )4 ( )% ( )%
(M21M12)d4 (M21M31)d5_1M21M31M32M12
(f. 9w = (s2p23(pa1pn2)™ (B2 ps1) ™ (paspa2) ™ - -
(p121 p12) % (po1 1) ™~ pio1 s 3o
— o1 fi31 g fioa i (121 ) (a1 p2n ) 2 (a2 pa)® - -
(ta2p21) ™ (131 21 ) %~ s o1 ) pa
— pusapras (pa1pon2)™ (21 ps1) ™ (paspaz) ™ - -
(p121p12) % (po1 1) ™ ™ pior (131 o e — pazpiaatis:)
= pizopioa (o p12) ™ (2 p31) ™2 (pazpn2) ™ - - - (po1 pag) ™
(#21#31)‘15_1#21#12#32#31
— o1 a1 fhaa oz e (az o ) ™ (a1 a1 )~ (Hazpas) ™ - -
(p12p091)% (131 p21) ™ g1 pon prao
= fio1 31 3z oz ize (zion )™ (a1 pio1) 2~ (paapz) ™ - -
(M12M21)d4 (M31M21)d5_1/i12l£21ﬂ31
— o1 a1 faa oz e (paz o )™ (e o1 )~ (Hazpas)® - -
(t12p21) ™ (131 p21) ™~ s proa a2
= fio1 31 3z iz fize (pzion )™ (a1 pio1) 2~ (paapiz) ™ - -
(M12M21)d4 (,u31,u21)d571/112lt21l£31
— o1 a1 fhaa oz iz (paz o )™ (s a1 )2~ (azpas)® - -
(t12p21) ™ (131 21 )~ a1 iz = 0.

It is seen that there are no any inclusion compositions of relations (1) —(26). Hence
the result. i

Now we present second main result of this section. In the following result, we
give a Grobner-Shirshov basis of pure virtual braid group PV,, for n > 4. Since
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n > 4 we use the relation p;; e = prips; ({4, 7}0{k,1} = 0) given in (2) to obtain
Grobner-Shirshov basis. As seen this type of relation makes the Grobner-Shirshov
basis quite complicated.

THEOREM 2.2. A Groébner-Shirshov basis of pure virtual braid group PV,, for n >
4 consists of the following relations:

Fori>k>j and 1>2z3>20>212>7]
{ar,a2} N{k,i} =0  and  {b1,b2}N{k,j} =0 and
{e1, 0t N{i, k} =10
(La)  Higpons (P zo bz 25 )" (Bayas )Y ki — B ok Big (Hzy 2 Mz 2) " (Ragas )Y
(1) pijptgitiritbii(fzy 2o fzazg )" (Hbybo )Y kg — M btk fijthji (Hzozg Hzy 25) "
(H1b162)",
(Ie)  mighjittin(tzoz Pz ) (Heyeo )" ik = Bikakbigti (g Hzgz )
(Heres)?s
Fork>1>j and k>z3>29>21>]
{a1,a0} N {i,k} =0 and  {b1,b2} N {i,j} =0
(24)  pigttgitbin (fzy zo bz z5) " (Bayas )Y ik — Mgk ik iz i (Hzy 25 Bz )"
(Haras)"
(2B)  Mhitthg (Hzy 2z Hzgzs) " (Hbrby )Y thig — Mij kg i (Bzg 2o thzgzy )™ (Hbyby )Y s
Fori>j3>k and i1>z3>20>21>k and
{a1, a2} N{i,k} =0
() pagtgittin (Hzszstizozy )" (Baras ) ik — Hjktinthigii(Hzsz fzazs) ™ (Baras)?,
Forl>i>k>j and 1> 23>20>212>]
{a1,a2} N{k,i} =0 and {b1,b2} N{k, 1} =0
(4a)  igpai gt (Hzy 2o Bz )" (Bayas ) ki — Preibtig figig (B, zs iz z0) (Bayas)?s
(4B)  fijtgihtji (e 2otz 25 ) (Hbyby)Y bt — Bt pbig R (Fey 2 By 22) ™ (i)Y
Forl>k>i>j5 and [1>23>2z3>2z1>75 and
{ai, a2} N {i,j} =0
(5) ikt Bz 2o fz 25) " (Bayan )Y Hij — Hhag Borej ki (Hzy 2 fz 25) " (Hayaz) s
Forj>i>k>1 and jJ>23>290>212>1
{a,a2} N{k,i} =0 and {b1,bo} N{k, 1} =0
(64)  Higtins (Bzy 2oz zs) " (Bayas )Y ki — Hi ok Pig (Fzy 2 oz 2)” (Baras )Y
(65) ity 1z za o z) " (Havas )Y ki — Hii B P B0 (a2 Bz 20) " (Hayaz) Y
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(60) Hoig i Moks (szgﬂn@)z(,ublbz)y:ukl — Mkl Mg Fokq [ (:U'z:sZQ uz1z2)w(ublb2)yv
(6D) Hij g Mk (Nzle ,U2322)x(ﬂb1bz)y,ukl = Mkl kg g (/L2322M2122)z(ub1b2)y7
Forj>k>i>1 and j>z3>z>2z1>1  and
{alaa2} N {27.7} = (Z)
(7A) Hkillkj (MZ122Mz123)m(Na1a2)y:uij - Mijﬂkjﬂki(NZ123MZ122)m(ﬂamz)ya

(73) /’Lki/'bkjﬂlk(/"b»zlzz:uleS)m(/‘l’alaz)yp’ij - :u’i]':u‘kj:u’ki//'lk(ﬂzlzsuzlzz)x(lu’altm)yﬂ
Fori>j3>k>1 and 1>23>20>2z1>1 and

i >p2>pr 21
{a1,a0t N4k, i} =0 and {b1,b2}N{k, I} =0
(814) Hij kg (meﬂzws)w(/‘alaz)yﬂki — Mkilbkg Hij (/‘Z1Z3N2122)$(:ua1a2)y7
(88)  Hijhuhes (Hpapa) ™t (Hzy 2otz 25) " (Hayas )Y ki —
Pk kg i (Ppy )™ (Bzy 25 Bz 20)” (Hayas )Y s
(8c)  pigting (Bzyzobzr z5) " (Hpyps )™t ki (Hayas)¥ —
[k fhie Pig (a2 fhz 20 ) (Hprps )™ (Havaz )Y

(8D)  Hij(fhzyzgMznzs ) (Mbybo )Y it — fktfbis (Pzgzg tzy 25 )" (Hbyb)Y,
Fori>k>1>j and 1> 23> 20>21>j and

12>2pyg>p3s>pe>p1>7 and 1> us>us >up > J and
{a1,a2} N{k,i} =0 and {b1,be} N{k, i} =0
(94) 1205 (Bprps) ™ (2o bz 25) " (Hpaps )™ (Haran )Y ki —
fkitig (pypo )™t (Bzy 2 Pz 20)” (Bpaps )™ (Hayaz) s
(98) Hij (Punuy Prugwy )™ (Hizy zs Moz )™ (Hbr 62 )Y Hkl —
ki g (Bugus Husuy )™ (Bagzg ey z5) " (Hbyby )Y
(9¢) i (Huyug Huyus )™ (Bzy 2o iz zg) ™ (Hb16,)? it —
1t i (Fouy s g ) (g 2 Hz 25) ” (Hiby2)Y
(9p) /’Lijuj’i(ILLUIUB/"LUZUS.)Z(/'LZZZIIJ’ZSZI)wl (11611,)¥ pk1 —
Pk i i ( Pz Fug s ) (Bzg 20 za21) ™ (16102 ) Y,
Fork>1l>i>j7 and k> 23> 20>21>1 and
{a1,a2} N {i,7} =0
(104)  puhi b Bz 2 Pz zs )" (Haraz )Y ij — Higfteg ki (a2 iz 2) ™ (Hayas )Y
(10B)  pkitbkjijiftit (g2 Pz ) (Hayas )Y phij —

g ok bk fhit g1 (Bag 20 zp 20 ) ¥ (aras )Y,
Fork>j>1>1 and k>2z3>29>212>1

k>ps>p3s>pe>p1 >0 and {aj,a2}N{i,j} =0
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(11) Hkibkg (:U‘P1p2 ) (Mizy 2o by 2)” (Nmpg )2 (Hayas )yﬂij -

Hijﬂkjﬂki(.uplpz)zl (szsﬂzlw)x(ﬂpwg)m (Mayas)?,
Fork>i>1>7 and k>z3>20>21>7 and

k>py>p3s>pa>p1>j and

k>us>us>u; >3 and  {ar,atN{i,5} =0
(124) it (Buyus ugus )™ (Bapzg Han e )™ (Hpapy )™ (Bayas )Y ij —
Pig ok i (B P s )™t (Bz 21 Bs zg) ™ (papr )™ (Hayaz )Y
(12B) it (Huyus Prugus )™ (Bzgzs Hzaz ) (pap: )™ (Haras)¥ i —
P 1k ki (Huous Fugus )™ (g 21 Bznzg )™ (Bpaps )™ (Haras )Y s
(12¢)  prwittes (Hpip2) ™ (Bpaps )™ (Havas )" 1ij —
Mi]’/“‘kj,uki(,“pzm )" (paps )™ (Haras )Y,
Fori>k and {i,j}N{k 1} =10
(13)  prijhrs — Mkt
For1<r#s<n

(144) /Lrs,u;sl -1 (143)#7;1#“ -1
where x,x1,x2,y > 0.

Proof.  We need to prove that all compositions among relations (14) — (14p)
are trivial. To do that, firstly, we consider the intersection compositions of these
relations. It should be noted that the compositions to be written below are the
compositions that occur for n = 4. Certainly, the relations in Theorem 2.2 are
written for n > 4, and are provided for n > 4. Here we would like to be more
understandable and applicable. Considering n > 4, it comes with some similar
additional intersections and they are also trivial.

For z > 1 in any relation above, let us take = 2 in the relation (14) then we
have

(]-A) Hij kg (/1‘21 zaMzy 23 ) (/1‘2122 Mz 23 ) (Na1a2 )y/”ﬂ -
Hkilbkg g (zyzg oy 2o ) (g 25 My 20 ) (Hayas )Y -

Note that the words (2,2 ft2,25) a0d (2,2 02,25 ) are just at the same word form.
These words can be different words according to corresponding order given in (14).
The logic described here is valid for all z, 21, zo and ¥y in this theorem. Hence, we
have the following ambiguties w:

(1A) A (614) DW= i kg (lu‘zlzz,ufzﬂs)x(ﬂ“alaz)y,u'ki,uti

’

(Hmnﬂzms)z (p“alaQ)y Mtk
(1A) A (6B) W= WGy kg (,uzlzg/lzlzg)m(//‘alaz)y:uk:i,utiﬂli



16 E. GUzEL KARPUZ AND N. URLU OZALAN

(1a) A (6¢)

(1a) A (6p)

(1a) A (13)
(1a) A (144)
(1) A (24)

(1) A (2B)

(1) A (3)

(1) A (13)
(1) A (144)
(15) A (5)

(1) A (Ta)

(1) A (7B)

(1c) A (24)

(1c) A (2B)

(1) A (3)

(1e) A (5)

(1c) A (74)

x

(lu’zleILLleS (Mayas)? totk,

W = ik (Hzy 2o oz 25) " (Haras )? Pokei fot e fph

W = fhij i (Hozy 2otz z5) " (Haras ) ki fbti fopi

x

(2o Hzszn) ™ (Hbrby)” thpt

W = i ki (Hozy 20 fz 25 )" (Baras ) B el

W = i 0k (B 2y P 2) ™ (Hayas )Y kg

W = i i Pt i (Fzy 25 Mhznzg ) (B bo )Y fks B fhjt

)

(
(uzlzzl’LZ?,Zz)m (Mblbg)y,upta

(

)

(

(:uzlzzllzlzg)x (ualaz)yukta
W = i i [k i (Fooy 2 fzn ) Loy b )Y Bl Hiet

(/142123/1'2223):E (:u‘b1b2)y Hits
W = i i i i (fhzy 25 Mznzg ) (Mbybo )Y ks Hjhfhgt

(2325 12520)" (Raras)? bkt

w = Mijﬂjiﬂkiﬂji(ﬂzlzgM22Z3)r(/ﬁb1b2)yﬂkj/f"tl7
w = Hijﬂjiﬂkiﬂji(ﬂzlzgﬂzQZ3)I(Mble)yﬂkj/l]:j17
W = fhijfhjifbibgi(Hzy zs Pznzs ) (Hbyby )¥ fhhe ke

(lLl’leQILLZlZS)I (Na1a2)yﬂjt’
W = fhij i fhgi (a2 Banzs )" (Hbyby )Y kg Pkt

(/-1’2122/"2123)96 (Malaz)yujh
w = Mijﬂjiﬂkiﬂji(ﬂz1Z3MZ2z3)x(ﬂble)yﬂkjﬂktﬂlk

(:U’Z122/1‘2123)x (ua1a2)y/j“jt’
w = ,Uzijﬂjiﬂjk(ﬂzgzl,uzszl)w(,uclcQ)yﬂikﬂki,U/kt

(/U‘ZlZ%LLZlZs)m (/Jfa1a2)yﬂit,
W = i i ik (Hagz Mzsz )" (Heres)¥ ik it

’

(//LZ]Zgl'LZng)I (,U’blbg)y,ukt)
w = Nijﬂjiﬂjk(ﬂzgzl,uzgzl)x(ﬂclcz)yﬂikﬂkiﬂkt

’

(IU’ZQZ’e,//‘Zzzl)gTj (/JalaQ)yMitv
W = fuififhin (Bagzy Mgz )" (Heyes)? ik flit

’

(IU‘Z1Z2/1'2123)$ (:U‘ala2)yﬂ’kta
w = /’Lijﬂji/’l’jk(/’l’z2zluzszl)z(uclc2)yuiklu’it



(1) A

(10) A\

(1) A

(1e) A

(10) A

(1c) A

(1) A

(lc) A

(1c) A
(1e) A
(2A) A

(2,4) A

(24) A

(QA)/\

(24

(24) A
(2B) A
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(7B)

(84)

(8B)

(8¢c)

(8p)

(124)

(12p)

(12¢)
(13)
(144)
(64)
(65)
(6¢)

(6p)

) A (13)
(144)
(24)

(Bzyzabbzyzg)” (Hayas ) Bkt
w = :ulju’ﬂ:u] ke (znzy zgzy )" (Beyen )Y ik fhit i

(Hzy 2otz 25)" (Hawz) Hkt,
z Y.
w = M’LJM]ZMJ (Mz221 :U’zazl) (/'1’6162) Hik Mtk

(/1‘2122/1‘2'123) (:uala2) Mtis
W = fhij itk (Bagzy Bagzn )" (Heyes ) tik btk

(ﬂplpz)zl (u2122ﬂz1z3)m (ua1a2)yﬂti,
W = flij itk (Bayz Bagzn) " (Heyen)Y ik btk

(P21 23 Bz 23) " (Bpaps)™ (Hayas)¥ Bt
w = ul] /’L]ZMJIC (/’L2221 :U/Z3z1 )x (/1*(:1(:2 )yuzk

(MZ123MZ2Z3) (:U’blbz) Htl,
W = fij itk (Rayz Pagzn )" (Heyen ) ik it

(lu’ul'UQ Huzus )ajl (/u'z'zzs Hzgzy )m (:U'p2p1 )ajz (/u'alaz )yﬂkta
W = i hgi Pk (Pzo 2y Pzgzy ) (Heyes ) ik bit

(Huyus Prugus )" (Bzpzs tzazn )" (Hipapy )™ (Hayas)? bkt
W = flij itk (Bagz Bagzy) " (Heyen )Y ik it

(Np1pz ) (Np4p3 )2 (Mayaz )Y bkt

W= i ljithik Lz tagz )  (Heyes)? ik bl

W = i fhjittik (Pagzr zgzn ) (Heres)? tik b

w = uwu]zujk(uzlzzuzm)’”(ualaz)yuikum

(/1‘2122/1‘2'123) (:uala2) iy
w = ﬂwﬂﬂﬂy k(Mg 2o My 25) " (Hayas )Y Pik otk ke

(ﬂzlmﬂzms) (ﬂalaz) Mot
W = i itk (e 2o bz z) " (Hayay )Y tik i

,U'ti(:u'zlzleuzszz)m (H’blbz)yutl’
W = Mijlhjilbjk Mz1z2,uz1z3) (Malaz)ylu’ik:ulk

(
[tk (fhzy 2 Pzg 2y )" (,ublbz)y,utla
w = Mijﬂjiujk(uzlz2lu’zlz3) (/“Lamz)y:u'ik/u'tla
W= fij itk Pz 2oz 2 ) (Hayas )Y Bk,
W = i ftkj (e zs Maszg) " (Hbyby )Y g hjibtjn

’

(/JZlZQ/’LZlZS)x (/Jalag)yﬂikv

17
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(25) A (TB)
(25) A (13)
(25) A (144)
(3) A (La)
(3) A (1B)

3) A (1e)

(3) A (28)

(3) A (44)

(3) A (4B)

W = Kkilks (le zgMzaz23 )z (/u‘bl b2 )y:uij/u'it

(,u'zlzsﬂmzs)m (/u‘blbz)y Hit,
W = fhi g (oo 25 Pozazs ) (Hbybs )? i Hji Lok

(u2223/’62221)m (/-Lalag)yﬂikz
W = Hkillkj (M21Z3M2223) (ublbz) Mg Hit

(/1'2122/1‘2'123)3: (:U’ala2)yujt7
W = ki e (Phz 2 Mhznzg )™ (Hbyby )? fhig it

’

(Bzyzatbzyzs)” (Bayas)? Wt
w = ,Ukiﬂkj(Nzlzg,umza)m(ﬂblbg)y,uij,uitﬂli

’

(P21 23 Bz 25) " (Haras ) Bt

W = i foh (oo 23 Bzazs )" (Hbyby )Y i bt

W = kit By 2 s ) (thbybs )Y hig s
w = :ul]:u’]lujk(uzzz;;,u@zl) (Mayas)” Hiktek

(:LL2122/J“21Z3) (,Ualaz) Mt
w = NiijiMjk(MzQZ3MZ2zl) (Malaz)yuik

Pokeifbti Pokei (Fzy 2 oz zs) ™ (P ko )Y Mtk
w = Nijﬂjiﬂjk(MZZZ3 Hzgzq )I(p‘al az )ylu’ik:u'ki//'kt

(/‘2221/~LZ321)$ (;Ufcl@)y/ffit»
w= IU’UH’JZMJ’C(MZQZWU‘ZQZl)w(,ua1a2)y;ufik,ufki,ukt

(Bzyzalbzyzs)” (,UalaQ) it
z Y. .
W = fij /’[’JZMJ (Mzzzs :uzzzl) (Ual az) ik it

(/JZ123/’62223) (/J’blbz) Hkt,
w= /‘mﬂﬂﬂj k(Hzpzgtznzy )" (Hayas )Y ik itk kL

(/1‘2122/1‘2123) (:u‘ala2) Htis
w = ﬂwﬂ]zﬂa k(Mg gz ) (Hayas)? Pik ket ok

(:uz1z2.uzlzs) (:u‘blbz) il
w = Uz]ﬂ’]zﬂj (MZ223 ,uzzz1) (U%az)yuik(Usz)zl

(uz122/’62123) (HP4P3) (:uaulz)y Hti,
w = /‘ijﬂjiﬂjk(ﬂzwsﬂzzzl)x(ﬂalaz)yuik

(/’Lu2ulﬂu3ul)$l (:U’Z123/1‘Z223)Z (:U’blbz)yuth
w = ﬂijﬂjiﬂjk(ﬂmz;;ﬂzQzl)w(/lalaz)yﬂik

(/’L'ulu:}lu’ul'lLQ)Il (,U'Z1Z:3,uz223)x (/u‘blbz)yutla
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(3) A (9p)
(3) A (11)
(3) A (13)
(3) A (144)
(44) A (64)
(44) A (65)
(44) A (6¢)
(44) A (6p)
(44) A (13)
(4a) A (14)
(4) A (13)
(4) A (144)
(5) A (13)
(5) A (144)
(64) A (13)
(64) A (144)
(65) A (13)
(65) A (144)
(6c) A (13)
(6c) A (144)
(6p) A (13)
(6p) A (144)
(74) A (13)
(74) A (144)
(75) A (13)
(7B) A (144)

w = :U'ij/u‘ji:ujk(:umzsﬂ“hzl )I(:u‘altm)yﬂikﬂki

(:uulusﬂuwis)z (NZQle“’LZSZl)wl (/Lblb'z)y,u'tla
W = fij itk (HapzsPanz )" (Bayas)¥ ik it

(MPIPZ)xl(IU/ZIZ2:LLZIZS)I (Mpz;pz)m (Malaz)y Mkt

W= i Pk (g 2 a2y ) (Hayas )Y ik e
w = /Jij/u‘ji/j‘jk(/j‘mzsﬂzzzl)x(“a1a2)yl~bikl$;}glv
w = :u'ij,ufkj,ufjl(,uzle.uzln)x(ﬂalaz)yﬂkiﬂti

(,U’Z122 /J’Z]Zg)z (/Lalag )y ks

W = i ke gt (Lo 20 [z 25 )" (Bayas )Y ki bt pii

(Mz1z2uz1z3)x (Malaz)y Ptk

w = Nij,ukjﬂjl(/‘zl@/imm)m(Nalaz)yﬂkiﬂlkﬂtk

(:uzlzzlu‘ZsZQ )w (Mb1b2)y/~Ltlv

W = i g 1 Bz z Mz 25) " (Hayan )Y Pk fhai fhe

(:u’2122/u‘2322)z (/‘Lble)y/“‘Lth
W = Mg kg hji\Hzg 2o Hzq 23

W = Mij Mg gl

(
(
(

W = fij ik Hji\Hzy 2o Pz 23
w = Mi_jﬂjkﬂjl(ﬂzlzgﬂzlzg

)
[y zg bz 23)
)
)

x

x

(Mal az )yl’(‘ki/’(/tp?
(:u’al az )yuki/ﬁ]:il )
T

(

(

Hbyby )yﬂklﬂtpa
b1 by )y#klﬂlzll )

xT

W = figifirej (Hoz 2 oz 2) " (Bayaz ) i Htp,
W = i Pt (Hzy 2 Fz 25) (Hay s )y/‘ijﬂ;jlv
W = {5 e Pz 23 Bz 25) " (Hayaz )Y ki bitps
W = i g (P 2o bz 25)* (Baras ) ki s

w = Nij/ikjﬂlj(ﬂmzﬂmzﬁ
W = Wi kg g (/‘2122/~LZ123)$(:u’a1a2)y/ikiﬂ];ilv

W = [ i fki (Hzy 2o Hzs 2o
W = [ij i ki (:uzl 2oMz325

)
)

w = ,uij,ulj/l’kj(uzlzzu,z;z,Zz)
W = [hij i ks (HzyzpHizszs)
W = Ui (Mzy 2oz z) (Hayan )? g fp,
W = i g (fzs 2z z)” (Haras )Y gt
w = ,Ulci,ukj,ulk(,uzlzzﬂzlz;:,)I(MalaQ)yﬂijﬂtpﬂ

w = /’Lk"iluk'julk(lu’zlz2:uzlz3)m(l’[’ala2 )y,uijﬂ’;jlv

x(ﬂalag)yﬂkiﬂtpa

“(Mbyby )Y ki fhtp,
(M, by )yukzugf ;

* (Mb1 bo )yﬂklﬂtm
* (:ubl bo )yﬂklﬂlzll ’

19
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(84) A (13
(84) A (144
(85) A (13
(85) A (144
(8c) A (13
(8c) A (144
(8p) A (24

(8p) A (13)
(8p) A (144)
(94) A (64)

(94) A (6)

(94) A (6¢)

(94) A (6p)

(94) A (13)
(94) A (144)
(98) A (24)

(98) A (28)

98) A (3)

E. GUzEL KARPUZ AND N. URLU OZALAN

W = [ijfkj (,LLZ1Z2/‘Z1Z3)I(ﬂa1a2)y/‘kiﬂtpa

W = fijing (o 2o bz 2) " (Hayag)? Bty

W = i e (Hpy o )™ (Hzy 2 Bz 25)” (Hayan )Y ki bt
W = f5 i (Hprpa )™ Bz 22 Bz 25) " (Haran )Y ﬂkiM];i17
W = i kg (s 2oz 2) " (Bprpa )™t (Hayas )Y Bkifbp,
w = :uij:u’vj(/izwzﬂzwa)m(ﬂplpz) "(Mayas)? :u'k:i,u]:ila
w = ,uij(//lezgﬂzng)x(ublbz)yﬂklﬂlkult

(:U/zl 2o Mz 23 )x (,U/al as )yukfn
— . x y
W = Hij (/~Lz1 23 #2223) (,Ufbl bz) HEltp,
— T Yy —1
w = fij (Hz 25 Mz 25) " (Fbrbs) HEllygg
W = Hij (/’Lplpz )zl (/’(’Zl 2oz 23 )z (/-1’1?4173 )12 (/Jalaz )yukiuti

(:uzlzz :U’zlzz) (:ualaz) Mtk

W = Wij (Mplpz ) (/’Lzl 2oz 23 )x (:U’Z74p3 )Iz (:Ufalaz )y,uki,uti//fli

(/"LZIZQ :U'les) (:u’ala2) Mtk

W = [ij (l‘pw (g 2 bz 23) " (Bpaps )™ (Hayan )Y ki bk fek

(/1‘21 zaMzg2 ) (:U'b1 ba ) ot

W = [ij (“mp “(Hzy 2oz z5)” (Np4p3 )2 (Hayas)” ki fuai b
K

(B zobzgz)™ (Hbyby) e,

W= Wij(Hpips )™ (Horzabarzs )" (Hpaps )™ (Baras ) kit
W = Wij (/iplpz ) (Mzy 2y bz 25) " (/‘pws )72 (Mayas )yﬂki,u/:ila
w = Nz’j(ﬂuzul,uudul)ml(Uzlzgﬂzﬂg)x(ﬂblbz)y,ukl,ulk,ult

)
)
)

(P zp bz 25)" (Malaz) Hkts
W = [ij (MUZUI liuaul)ac (Bzy 2 Hizozs )" (Hby by )Y Bkt Mk

(MZIZSMZQZS) (:U’blb2)y Hits
x1 T Yy
W = fij (/Juwl/‘uwl) (Bzyzg thznzs )" (b 6o )Y piret ke pae

(:U'ZQZs/u‘Zszl) (/"Lala2)y/‘th7
W= flij (#uzulﬂusul)zl(Hzle#zZzs)x(ﬂblbz)y#klukt

(M zp bz 25)" (Nalaz)yﬂlh
w = IuZ] (/’(‘u2u1 lu’u?)ul)xl (I‘I’legl’[’ZQZg)x(Mblbz)y/'[/kl/'[/k}t

(:U’Zl 2oz 23 ) (:U’al az )yult )
W = Wij (/~Lu2u1 Huguy )xl (/’LZIZS Pz zs )I (:ub1 ba )yﬂklﬂktﬂnk

/

(lu‘zl 2o Mz 23 ) (:ulll asz )y/ilt )
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(98) A (13)
(98) A (144)
(9c) A (24)

(9¢) A (2B)

(9c) A (3)

(9c) A (5)

(9¢) A (Ta)

(9¢) A (7B)

(9c) A (13)
(9c) A (144)
(9p) A (24)

(9p) A (2B)

(9p) A (3)

(9p) A (5)

(9p) A (74)

(9p) A (7B)

(9p) A (13)
(9p) A (144)
(1OA) A (2,4)

W = Wij (/Lu2u1 Huguy )11 (/’LZIZ3#’22Z3 )aj(:u‘bllm)yﬂkl:utpa
W = W5 (/“Lu’zul Huzuy )zl (HZ123M2223)x(:ublbz)y,ukl:u];lla
W = fhij (g ug Pugug )" (Pzy za oz ) (Hbrbg )Y 1kt fak e

(:uzl 2o Mz 23 )x (,U/al as )y/’llkh
W = [hij (Nulus Howyus )931 (/1421 zzMzozs )I (:ubl ba )yﬂklukt

(/142123/1'Z2Z3)w (:u‘blbz)y it
W = 45 (P g By s )" (Pozy zg Mzazg ) (Hbybo )Y Bt flak fhae

(MZ2Z3/’LZQZ1)I (Malaz)y/l’k‘t7
w = luij(/’(‘ulu.’ilu’ulu2)zl (l’l’2123/’1’2223)I(Mble)y/j/k?lukt

(:uzl 2o Mz 23 )x (,U/al as )y/”'lt ’
W = Wij (/’LUIUS Hugug )9:1 (/’I’Zl zgMzazs )I (:U’bl b2 )yuklukt

(/1‘21 2o Mz 23 )w (:ual asz )yﬂ“lt )
W = Wij (,Uulu;; Mg usg )zl (,uz1 23Mzoz3 )I (lu’bl ba )yﬂkl:ukt:unk

(B2 25 Bz 25) " (Haras ) pats

W = (i (P s Py ) (Bzy zs Haazs ) (616 )Y ki i

W = [ij (Pouy s My un )™ (NZ1Z3MZ223)w(ublbz)yﬂklﬂl;l17

w = #z‘jﬂjz‘(ﬂulugﬂuws) (Bzozy gz )™ (1616, )Y okt ke pae

(:U'ala2)yﬂktv
W = Wijlhgi Nulusﬂuzus) (M2221:U‘2321)m1 (,ub1b2)y.ukl/ukt

(:U‘Zl 29 M2y Z3

(,U/blbg)y Kty
W = Wqjji Mu1u3ﬂu2u3) (/1'2221/1%321)3:1 (:U’blbz)ylu’kl:ulk:ult

(Mn 23Mzazs

(Malaz)yMkM
W = [ijfhj5 Mu1u3/~Lu2u3) (/~L2221N’Z321)$1 (:u‘blbz)y:u'kl/u'kt

)’
(
)’
(
(H2325Hhzn21)”
(
(Bzy 2otz zs)” (ﬂalaQ)yﬂlt,
w = /uijuﬂ(:uu1usﬂuzus) (uzzzlp‘zazl)xl (:ublb2)y:ukl/ukt
(,U’zlzz,uzlzs) (:ualaz)yu'lt;
— .. z1 Y
w = Ml]”ﬂ(uulusuuzuz) (MZ221/’1’2321) (:U/blbz) Mkl kt Unk
(uzlzzumzs) (:U’alaz)yulta
w = Iu’ij/j‘ﬂ(ﬂ“u1u3ﬂu2u3) (/~L22Z1N’2321)$1 (/u’blb2)yl’tklutp7
w = ul]#ﬂ(ﬂu1u3uu2us) (.u2221u2321)11 (:ub1b2)y:u'kl,u'];lla
w = Mkiukj(uzlzgl’LZzZC,) (Malaz)yﬂijﬂjk

(uzl 2oz 23 )T (Mal as )y Hiks
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(104) A (13)
(104) A (14.4)
(105) A (24)

(105) A (13)
(105) A (144)
(11) A (13)
(I1) A (144)
(12A) A (13)

(12A) A (14A)
(12p) A (13)

(12p) A (144)

(12¢) A (13)
(12¢) A (144)
(13) A (24)
(13) A (44)
(13) A (4B)
(13) A (5)
(13) A (74)
(13) A (7B)
(13) A (13)
(13) A (144)
(144) A (145)
(145) A (1a)
(14p) A (1)
(14g) A (1e)
(145) A (24)
(145) A (2B)
(14p) A (3)
(145) A (44)
(14p) A (4B)

E. GUzEL KARPUZ AND N. URLU OZALAN

W = ki (/“Lzlzsﬂzzzs)$(Ma1a2)yﬂijﬂtpa
W = Hkillk;j (#2123/}‘2223)x(ﬂa1az)yl}4ij“i_j1a
w = :uki/'ckj/-}/jl/'cil(:uzzmﬂz?,zl)m(ﬂalag)yﬂijﬂjiﬂjk

(2o iz zs)" (Hayaz)? Hik,

W = i fkg fgt it (Pzgz Pozs 2 )” (Hagas )Y ijbep,

W = fui g et (Baoz Pz e ) (Hava )Y aghy

W = Pifkj (Umpz )11 (I’L21Z2M2123 )m(up4p3 )zz (ualaz)yuijutp,
W = fui g (Bprps )™ (Bzr 2 iz 23) ™ (Bpaps )™ (Baras )Y i 113
W = ki P (g us Prugus )™ (Bza 2z 20) " (Bpapy )™ (Hayas )?
Hijthtp,

W = Lk kg (P s s ) (Bzpzs Moz ) (Bpapy )72 (Hayaz)”
Hiju[jl,

W = ki fbe (g ws Prusug )™ (Hza 2 2 20) " (Bpapy )™ (Havas )?
Hijthtp,

W = i ftre (B s Pusus) ™ (Baszs Hanz ) (Hpapy )™ (Hayas )?
Nijufjl,

W = i fih (Pprpa )™ (paps )™ (Hayas)? ij feps

W = kil (Um;vz ) (H'mpg)m (,U'alag )y/iijﬂi_j17

w = uktNiijiﬂjk(lezzluzlzg)x(ﬂalag)y,uik7

W = e fhig P Pt (fhzy 2o Mz 25) ™ (Hay ag ) Pk

W = fuggfijfih gt (Hz o Bz 25) (Hbrby ) kL

W = [k kg (Bzy 2oz z5) " (Hayas )Y i

W = e foki g (Pozy 2o Mz z5) " (Baras ) ¥ Hij

W = i P ik (Fozy 2o Mz 25)* (Rayas )Y i

W = M5 Lkl ip,

W= fij ki

W= flyg Hrshos

W = ;" i g By 2o oy 23)* (Hayan )Y Bk

W= g i it (B 2 P zs) ™ (s )Y kg

w = pu; i g ik (Bz s fzgz ) (Heyes ) Hiks

W = g g ik (e 2o P 2) (Hayas)? ik

W = i, kit (fho 2 Man e )" (Hbrb )Y i

W = pu; i i ik (L 2 fan ) (Hayas)Y Mk

W = 05" i 10 By 2o P 2 ) (Hayas )Y ki

W = g fig gk gt (B, 2 P 2 ) (b )Y bk
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(14) A (5) W = fhig; kit (a2 Pz z3)” (Hayas)¥ fhig

(14p) A (64) + w = g5 i tiag By 2o b2 25) (Haras)? ki

(145) A (65) w = pu;" i g g (B 2o fhzr z) ™ (B an )Y Kk

(145) A (6¢) W = g fhig i i (P 2o Mz 2 ) (tby s ) ¥ i

(14) A (6p) = w = gy pighgivng (a2 bz z ) (b, )Y ikt

(4p) A (Ta) © w = pig; g (Lo 2o Foon 2) " (Hayas )Y i

(14B) A (7B) W= 1, ki o b (Hozy 2 Bz )" (Haras )Y i

(14B) A (Ba) = w = " i g (Pay o Pz 25)” (Haras ) ki

(14B) A (BB) + w = puz btk (thpaps )™ (B 2oz 25)* (Paran )Y ki

(1) A (Be) = w = p; gt (B 2o fhzr z) (i)™ (Hayas )Y bk

(14p) A (8p) W = g i By 2o Pzazs) (1) Bk

(14B) A (94) = w = g i (fpaps )™ (hzr 2o Py z3) (tpaps ) (Hayas)? fhiis

(145) A (9B) w = 15" i (B g )" (B 2 Bz ) (B )Y ik

(145) A (9¢) W = f15 i (P s Py s )™ (P 2 iz zs) ™ (Rby by )Y Bk

(145) A (9p) W = fu;" i i By g Py ) ([z 2 Py 20) ™ (L by )Y bkt
(14p) A (104) W = g ki b ([hon 2 Bz o ) (Haras )Y Bij
(14p) A (10B) = w = gy g igiptin (s fozgr ) (Haras ) i

(14p) A (11) 5w = gy pomiting (tp1pa)™ (s 22 Bz 2)* (s )™ (Bayaz ) i
(14) A (124) © w = g g (s s Hugug )™ (g za gz, )

(Mpzpl )xQ (Ma1a2>ylh‘j,

w = Nl;illuki/‘kj (Hurug Puzug) ™ (g zg bz 2y )"
(:upzpl )72 (Mayas y,uija

w= “I;il'“ki/“vj (prp2) "t (Bpaps )™ (Hayas )¥ Bigs
w = ijluzjﬂkl,

_,,—1 —1
W= Hyps Prstys -

(143) A (120)
(143) A (13)

(143) A (14A)

All these above ambiguties are trivial. Since to show these trivialities has taken
so much times we have proven some of them below. The remaining parts can be
shown in similar ways. Here, it is important to order notations given two relations.
Firstly, we consider the ambigutie of relations (2p) and (74). It should be noted
here that the ordering j > k > i > [ is now t > ¢ > j > [. The notational ordering
for this ambigutie is as follows.

e Ordering for the relation (25): k > i > jand k > 23 > 29 > 21 > j and
{b1, b2} N {4, 5} = 0.

e Ordering for the relation (74): t >i>j >l and t > 23 > 29 > 21 > [l and
{ar, a2} N {j,t} = 0.
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Thus we have

/

(23) A (7A) W= Pkifkg (luZlZS/u‘Z2Z.’3)I(p“blb2)yuijuit(lu’zlz2:uzlz3)m (:U'a1a2)y/1’jta
(f) g)’w = [/“‘Lki:u’kj (#Z1Za:u2223)z(:ub152)y:uij - uijukjuki(u2223#2123)m

(Hb1 b2 )y]lu'it (,Ule 2o Mz 23 )I (,U'al as )y,ujt

’

_l/(‘ki/f['kj(/’LZ1Z3M2223)z(,ublbg)y[/’[’ij/'[/it(u’z122/’[’2123)m (/J/U«1¢12)yujt -
,U/jt/-j/it/f('ij(uzlzguzlzz)x (:ualaz)y}

’

€T

= Mkillkj (:U/zlzg Hzozs )T (Mbl bo )y/}'jt/f’/it,uij (Uzl zg Mz 2o ) (/J/alag )y

Mg kg Pk (,U/zz zgMz1 23 )w (/“h b2 )ylu’it (le 2oz 23 ):c (/’[’al az )yu'jt

= Mkiltkj (/1’2123 Hzozs )x (/’[’bl b2 )y Hojt it fig (:U’Z123 Mz 2o )x (ua1a2 )y
~——

*
’

_Mlj/'[/kj/’[’kl (/’l’zzzglu’zlze,)x(/’[’blbz )y:u’lt (/’Lzlzzl’LZlZg)x (Malaz )yl'l’jt'

Let us take y = 0 to see the proof much easier. Since the word * is of type
oz 25 2o zs, DY Using the relation (24) we can write,

’

= Mij,ukj,uki(,uf@z_a,/flezg)I/Lit,ujt(//leza;ﬂm@)m -
Mijﬂkjﬂki(ﬂzaz.a/imz:s)$Mt(ﬂz1le~LZ123)w Hjt-

’
In case of x = 0, we have

P ke Mks (Phzg zg Mz 25 ) Mt Hje — g bkg Potei (Hzg zs Mz, 25 ) Pt bt
0.

In case of z’ # 0, by using the order given for (74) we get

= /J'ijﬂkjuki(Mzzzslumzs)w/‘it(ﬂmzzﬂmzs)w Hjt —
/“Lijﬂlkj/iki(Mzzzsluzlzs)w:u‘it(ﬂzlzz:uzlzs)w Hjt = 0.

Let us consider the other one ambigutie. Ordering of this ambigutie;

e For the relation (124): k>i>1> 74, k> 23> 29> 21 >,
k>ps>p3>pe>p12j, k>ug>up>up >3
and {a1,a2} N {i,j} = 0.

e For the relation (13): ¢ >t and {¢,p} N {i,j} = 0.
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(124) A (13) 1 w = pugi e (Houg us Prugus )™ (Bzz zg oz 20) " (Bpaps )™ (Hayas )Y Big fitps
(fa g)w = [Nkiﬂkj (Mu1uz Huzus )xl (MZ;Zg Hozozy )x (IU’P2P1 )m (:uawz )yﬂij
— i e Eei (P Fuy s )™t (Bzg 21 Hznzs ) (Hpopr )72 (Bayas )Y bitp
—HEkiltkj (.uuwz Huzus )11 (,u2223 Hzozq )z (ILLP2P1 )xz (/‘amfz )y [:uij.utp - :utpﬂij]
= Wkifthg (Fuyus Puguz )™ (Bzozabzaz ) (Bpapy )™ (Hayas )Y Hephtis
.
— i e Foi (Bugus Fugus )™ (Bzo 21 Bzazs ) (Hpapr )™ (Rayaz ) thip-

On account of the ordering given for the relation (13) and p,, is of the form (g, q,),
the relation x is of the form (124). Then we get

= iuijukjtuki(/"'uguztuuluz)zl (Mzzzluzzzs)m(upzpl)IQ(/J’alaz)yﬂtp
Hij kg Hii (/J‘usﬂa Mo us )wl (IJ‘Z221 Hzozs )w(lu’lbpl )WQ (:u’a1a2)yutp
= 0.
Now we consider the intersection composition of the relation (14p) with (10g). For
k>1>1>7,k>23>2>2 >iand {aj,a2} N{3,j} =0, we have
(14B) A (103) W= ,U/;illf’/kiukrj/’bjluil(Mzzzluzgzl)m(,u/alag)yﬂija
(fs 9w = lttieg ki — Uptnegivguvit (oo frzgzr ) (Hayan)? i
*lez'l [Nki:“kjﬂjl,uu(ﬂzzzl stm)z(ﬂalaz)yﬂij — Mg ok ki fhil [ogi
(ﬂzsz1ﬂz2z1)z(Ua1a2)y] = M]:il,uijﬂkj,ukiﬂil,ujl(,Uze,z1ﬂ2221)x(,ualaz)y
_/’[/kj/’[’jl/’éil(l'LZQZlMZSZl)x(l”’alaz)y/’[’ij
_ -1 ) . T Y TR &
= Mgy Mg P ok it ot (Bzg 2y Bza 2y ) (Hayas )Y — Biejbgiibit (Hag 2 Hagz )
(p“allm)y:u‘ij
_ —1 x Y
= Mkily, Mijﬂkjﬂkiﬂilﬂjl(ﬂszl MzQzl) (Malaz) — Mki kg Mgl il
(MZ2Z1M2321)x(/J’a1a2)yuij
= /u'ijﬂkj/j‘ki/iil:u‘jl(/1‘2321/12221)I(Mala2)y - Hkiﬂkjﬂjlﬂil(ﬂzwlﬂ%m)w
(.u“alfu)y:u‘ij =0.

Since there are no any inclusion compositions of relations (14) — (14p), the
proof is completed. |

Now let R be the set of relations for pure virtual braid group PV3 given in The-
orem 2.1. Let C'(u) be normal form of a word v € PV3. By using the Composition-
Diamond Lemma 1.1 and Theorem 2.1, the normal form for elements of pure virtual
braid group PV3 can be given as follows.

COROLLARY 2.3. Let u € PV3. Then C(u) consists of one of the following condi-
tions:
(1) The normal form is of the form

(ILLTIc Sk )al (/’[’Tj Sk )O¢2 (Mrjrk )% Wis
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such that either 1, < s <71j or sp <7y <71 or vy <715 < 5.
(2) The normal form is of the form

(NrkSk)al (MTij )az (/’[/sksj )*Whs

such that either v, < sp, < s; or vy, < 8; < 8 or 55 < 1y, < Sk.
The word W, is an irreducible word in PVs, a1, 09,3 € Z and 1 < vy, s, 75,85 <
3.

By considering relations given in Theorem 2.2, it is quite diffucult to find a
specific normal form structure for elements of pure virtual braid group PV;, (n > 4).
Because of this, we partially give normal form for elements of PV,, (n > 4) as
follows. Let R be the set of relations for pure virtual braid group PV,, (n > 4)
given in Theorem 2.2. Let C'(u) be normal form of a word u € PV,,.

COROLLARY 2.4. Let u € PV, (n > 4). Then C(u) is of the form

(L1 1) (Horysy )2 Wys, where the word W, is an irreducible word in PV, and
a1, a9, a3 € Z. We also have the following:

(1) If 1y = ro, either s; > 11 =1y > S O §1 > Sg > 11 = ro or the normal form is
of the form (fhry s, )® (Prosy )* (Prsss)*® Wis such that so = s3 and rg > ra.

(2) If s1 = s, then ro > ry.

(3) If s1 = ro, then s1 =19 > 11 > Sa.

(4) If {r1,r2} N {s1,s2} =0, then ro > ry.

Finally, we note that by Corollary 2.3 and Corollary 2.4 we can say the well
known fact that the word problem is solvable for pure virtual braid groups.

Acknowledgement. The authors would like to thank the referee for his/her kind
suggestions and valuable comments that improved the understandability of this
paper.
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