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1. Introduction and preliminaries. Group presentations arise in various ar-
eas of mathematics such as knot theory, topology, and geometry. Another mo-
tivation for studying group presentations is the advent of softwares for symbolic
computations like GAP . Providing algorithms to compute group presentations of
given groups (semigroups) is a great help for the developers of these softwares. So,
in this work, we consider monoid presentations of pure virtual braid groups PVn

(n ≥ 3) and find a Gröbner-Shirshov bases for these monoid presentations. Thus,
by these Gröbner-Shirshov bases we characterize the structure of elements of this
important group structure. Therefore, we obtain solvability of the word problem.

Algorithmic problems such as the word, conjugacy and isomorphism problems
have played an important role in group theory since the work of M. Dehn in early
1900’s. These problems are called decision problems which ask for a yes or no
answer to a specific question. Among these decision problems especially the word
problem has been studied widely in groups [1]. It is well known that the word
problem for finitely presented groups is not solvable in general; that is, given any
two words obtained by generators of the group, there may be no algorithm to decide
whether these words represent the same element in this group.

Virtual braid groups V Bn were introduced by L. Kauffman in [22] and studied
subsequently by many authors. In fact, these groups appeared in another context
under the name of n-th quasitriangular group QTrn associated to the Yang-Baxter
equations [7]. Actually the group V Bn is an extension of the classical braid group
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by the symmetric group [23]. Virtual braids have a group structure that can be
described by generators and relations, generalizing the generators and relations of
the classical braid group. This structure of virtual braids is worth study for its
own sake. In the virtual braid group two types of crossings are allowed, firstly
as usual braids or secondly as an intersection of lines on the plane. As for the
classical braid groups there exists the canonical epimorphism from virtual braid
groups V Bn to the symmetric group Sn with the kernel called the pure virtual
braid groups PVn. Here, there is a short exact sequence which gives us information
about the relationship between virtual and pure virtual braid groups.

1 → PVn → V Bn → Sn → 1.

Like the usual pure braid groups, pure virtual braid groups PVn admit a semi-
direct product decomposition [5]: for n ≥ 2, the n-th virtual pure braid group can
be decomposed as

PVn = V ∗
n−1 o PVn−1,

where V ∗
n−1 is a free subgroup of PVn and PV1 is a trivial group.

In paper [6], authors noticed that the pure virtual braid group PV2 is isomorphic
to the free group on two generators F2. Since the word problem for free groups
is solvable, the pure virtual braid group PV2 has solvable word problem as well.
Thus, it is worth to study solvability of the word problem for pure virtual braid
group PVn (n ≥ 3). In [8], the authors gave a simple and easily implementable
solution to the word problem for virtual braid groups.

There are many important studies about Gröbner-Shirshov bases of braid
groups in literature. For instance, Bokut found Gröbner-Shirshov basis for the
Braid group in the Artin-Garside generators [12]. Then, the same author stud-
ied Gröbner-Shirshov basis for the Braid group in the Birman Ko-Lee generators
[13]. Later, Chen and Zhong calculated Gröbner-Shirshov bases for braid groups
in Adyan-Thurston generators [18]. Hence, in this paper, by considering the im-
portance of braid groups and their derivations we study Gröbner-Shirshov basis of
pure virtual braid groups PVn (n ≥ 3). As known, the method of Gröbner-Shirshov
basis which is the main theme of this paper gives a new algorithm to get normal
forms of elements of a group, and so a new algorithm for solving the word problem
in given group.

At this part of paper we will give a short material on Gröbner-Shirshov bases.
The Gröbner basis theory for commutative algebras was introduced by Buch-

berger [16] and provides a solution to the reduction problem for commutative alge-
bras. In [9], Bergman generalized the Gröbner basis theory to associative algebras
by proving the “Diamond Lemma”. On the other hand, the parallel theory of
Gröbner bases was developed for Lie algebras by Shirshov [25]. In [11], Bokut
noticed that Shirshov’s method works for also associative algebras. Hence, for
this reason, Shirshov’s theory for Lie algebras and their universal enveloping alge-
bras is called the Gröbner-Shirshov basis theory. We may finally refer the papers
[3, 4, 14, 15, 19, 20, 21, 24] for some studies over Gröbner-Shirshov bases. We can
also refer the readers to a good reference [2] to understand normal forms for the
monoid of positive braids by using Gröbner-Shirshov basis.
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Let K be a field and K⟨X⟩ be the free associative algebra over K generated
by X. Denote X* the free monoid generated by X, where the empty word is the
identity denoted by 1. For a word w ∈ X*, we denote the length of w by |w|.
Suppose that X* is a well ordered set. Then every nonzero polynomial f ∈ K ⟨X⟩
has the leading word f . If the coefficient of f in f is equal to 1, then f is called
monic.

Let f and g be two monic polynomials inK⟨X⟩. We then have two compositions
as follows:

• If w is a word such that w = fb = ag for some a, b ∈ X* with |f |+ |g| > |w|,
then the polynomial (f, g)w = fb−ag is called the intersection composition of
f and g with respect to w. The word w is called an ambiguity of intersection.

• If w = f = agb for some a, b ∈ X*, then the polynomial (f, g)w = f − agb is
called the inclusion composition of f and g with respect to w. The word w
is called an ambiguity of inclusion.

If g is monic, f = agb and α is the coefficient of the leading term f , then
transformation f 7→ f − αagb is called elimination (ELW) of the leading word of g
in f .

Let S ⊆ K ⟨X⟩ with each s ∈ S monic. Then the composition (f, g)w is called
trivial modulo (S,w) if (f, g)w =

∑
αiaisibi, where each αi ∈ K, ai, bi ∈ X*, si ∈ S

and aisibi < w. If this is the case, then we write (f, g)w ≡ 0 mod(S,w).
We call the set S endowed with the well ordering < a Gröbner-Shirshov basis

for K ⟨X | S⟩ if any composition (f, g)w of polynomials in S is trivial modulo S
and corresponding w.

The following lemma was proved by Shirshov [25] for free Lie algebras with deg-
lex ordering (see also [10]). In 1976, Bokut [11] specialized the Shirshov’s approach
to associative algebras (see also [9]). Meanwhile, for commutative polynomials, this
lemma is known as the Buchberger’s Theorem [16, 17].

Lemma 1.1. (Composition-Diamond Lemma) Let K be a field,
A = K ⟨X | S⟩ = K⟨X⟩/Id(S) and < a monomial ordering on X*, where Id(S) is
the ideal of K⟨X⟩ generated by S. Then the following statements are equivalent:

1. S is a Gröbner-Shirshov basis.

2. f ∈ Id(S) ⇒ f = asb for some s ∈ S and a, b ∈ X*.

3. Irr(S) = {u ∈ X* | u ̸= asb, s ∈ S, a, b ∈ X*} is a basis for the algebra
A = K ⟨X | S⟩.

If a subset S of K⟨X⟩ is not a Gröbner-Shirshov basis, then we can add to S all
nontrivial compositions of polynomials of S, and by continuing this process many
times (maybe infinitely), we eventually obtain a Gröbner-Shirshov basis Scomp. We
should note that such a process is called the Shirshov algorithm.

Throughout this paper, by considering the lengths of any two words, we will use
the deg-lex ordering if the lengths of these words are different or lexicographically
ordering if otherwise. Additionally the notations (i) ∧ (j) and (i) ∨ (j) will denote
the intersection and inclusion compositions of relations (i) and (j), respectively.
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2. Main results. In this section, we would like to obtain solvability of the word
problem for pure virtual braid groups by using Gröbner-Shirshov basis theory.
Maybe, some algorithms may obtain solvability of the word problem for some
algebraic structures by using computer programs, but there is no any general packet
program including algorithms which show the solvability of the word problem for
pure virtual braid groups. From this point of view, the results given in this paper
become important. Since we use the method of Gröbner-Shirshov basis theory,
presentation for pure virtual braid group PVn (n ≥ 3) is required. This presentation
is as follows [23]:

PVn = ⟨µrs(1 ≤ r ̸= s ≤ n) ; µijµikµjk = µjkµikµij(for all distinct i, j, k),

µijµkl = µklµij ({i, j} ∩ {k, l} = ∅)⟩ . (1)

We now give the monoid presentation of PVn given in (1) as follows:⟨
µrs, µ

−1
rs (1 ≤ r ̸= s ≤ n) ; µijµikµjk = µjkµikµij(for all distinct i, j, k),

µijµkl = µklµij ({i, j} ∩ {k, l} = ∅),
µrsµ

−1
rs = µ−1

rs µrs = 1
⟩
. (2)

To obtain Gröbner-Shirshov basis of pure virtual braid group PVn, let us order the
generators as µij > µ−1

ij > µi′j′ > µ−1
i′j′ iff i > i′ or if i = i′ then j > j′. We note

that the presentaion given in (2) will be used in our results.

Firstly, we consider the pure virtual braid group PV3. For this group, we
have generators as µ12, µ13, µ21, µ23, µ31, µ32. Since we have the ordering between
generators given above, we can write this ordering more precisely

µ32 > µ−1
32 > µ31 > µ−1

31 > µ23 > µ−1
23 > µ21 > µ−1

21 > µ13 > µ−1
13 > µ12 > µ−1

12 .

We should note that for pure virtual braid group PV3, the relation µijµkl = µklµij

does not exist in Gröbner-Shirshov basis. Now we can give the first main result of
this work.

Theorem 2.1. A Gröbner-Shirshov basis of pure virtual braid group PV3 consists
of the following relations:

(1) µ23µ13µ12 − µ12µ13µ23,

(2) µ21µ23µ13 − µ13µ23µ21,

(3) µ31µ32µ12 − µ12µ32µ31,

(4) µ32µ12µ13 − µ13µ12µ32,

(5) µ31µ21µ23 − µ23µ21µ31,

(6) µ32µ31µ21 − µ21µ31µ32,

(7) µ21(µ12µ13)
xµ23 − µ13µ23µ21µ12(µ13µ12)

x−1 (x ≥ 1),

(8) µ31(µ13µ23)
xµ21 − µ23µ21µ31µ13(µ23µ13)

x−1 (x ≥ 1),
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(9) µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(a1 ≥ 1; a2, a3, a4 ≥ 0),

(10) µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

−µ21µ31µ32µ23(µ21µ23)
b1−1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

(b1 ≥ 1; b2, b3, b4 ≥ 0),

(11) µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4(µ12µ32)
c5

(µ23µ21)
c6µ31 − µ12µ32µ31µ13µ31(µ21µ12)

c1(µ32µ12)
c2−1(µ21µ23)

c3

· · · (µ21µ12)
c4(µ32µ12)

c5(µ21µ23)
c6 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0),

(12) µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4(µ21µ31)
d5

(µ13µ12)
d6µ32 − µ21µ31µ32µ23µ32(µ12µ21)

d1(µ31µ21)
d2−1(µ12µ13)

d3

· · · (µ12µ21)
d4(µ31µ21)

d5(µ12µ13)
d6 (d1, d2 ≥ 1; d3, d4, d5, d6 ≥ 0),

(13) µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5(µ21µ12)

e6

(µ32µ12)
e7(µ21µ31)

e8µ32 − µ12µ32µ31µ13µ31µ21(µ12µ32)
e3(µ12µ21)

e2

(µ12µ13)
e1−1(µ31µ21)

e4−1 · · · (µ12µ13)
e5(µ12µ21)

e6(µ12µ32)
e7(µ31µ21)

e8

(e1, e4 ≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),

(14) µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · · (µ23µ21)
f5(µ12µ21)

f6

(µ31µ21)
f7(µ12µ32)

f8µ31 − µ21µ31µ32µ23µ32µ12(µ21µ31)
f3

(µ21µ12)
f2(µ21µ23)

f1−1(µ32µ12)
f4−1 · · · (µ21µ23)

f5(µ21µ12)
f6

(µ21µ31)
f7(µ32µ12)

f8 (f1, f4 ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(15) µ12µ
−1
12 − 1, (16) µ13µ

−1
13 − 1, (17) µ21µ

−1
21 − 1, (18) µ23µ

−1
23 − 1,

(19) µ31µ
−1
31 − 1, (20) µ32µ

−1
32 − 1, (21) µ−1

12 µ12 − 1, (22) µ−1
13 µ13 − 1,

(23) µ−1
21 µ21 − 1, (24) µ−1

23 µ23 − 1, (25) µ−1
31 µ31 − 1, (26) µ−1

32 µ32 − 1.

Proof. We need to prove that all compositions among relations (1) − (26) are
trivial. To do that, we have the following ambiguties w:

(1) ∧ (15) : w = µ23µ13µ12µ
−1
12 , (2) ∧ (1) : w = µ21µ23µ13µ12,

(2) ∧ (16) : w = µ21µ23µ13µ
−1
13 , (3) ∧ (4) : w = µ31µ32µ12µ13,

(3) ∧ (15) : w = µ31µ32µ12µ
−1
12 , (4) ∧ (16) : w = µ32µ12µ13µ

−1
13 ,

(5) ∧ (1) : w = µ31µ21µ23µ13µ12, (5) ∧ (2) : w = µ31µ21µ23µ13,

(5) ∧ (18) : w = µ31µ21µ23µ
−1
23 , (6) ∧ (2) : w = µ32µ31µ21µ23µ13,

(6) ∧ (5) : w = µ32µ31µ21µ23, (6) ∧ (17) : w = µ32µ31µ21µ
−1
21 ,

(6) ∧ (7) : w = µ32µ31µ21(µ12µ13)
xµ23 (x ≥ 1),

(7) ∧ (1) : w = µ21(µ12µ13)
xµ23µ13µ12 (x ≥ 1),

(7) ∧ (18) : w = µ21(µ12µ13)
xµ23µ

−1
23 (x ≥ 1),

(8) ∧ (2) : w = µ31(µ13µ23)
xµ21µ23µ13 (x ≥ 1),
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(8) ∧ (7) : w = µ31(µ13µ23)
x1µ21(µ12µ13)

x2µ23 (x1, x2 ≥ 1),

(8) ∧ (17) : w = µ31(µ13µ23)
xµ21µ

−1
21 (x ≥ 1),

(9) ∧ (4) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32µ12µ13

(a1 ≥ 1; a2, a3, a4 ≥ 0),

(9) ∧ (6) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32µ31µ21

(a1 ≥ 1; a2, a3, a4 ≥ 0),

(9) ∧ (10) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4

µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

(a1, b1 ≥ 1; a2, a3, a4, b2, b3, b4 ≥ 0),

(9) ∧ (12) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32µ23

(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4(µ21µ31)
d5

(µ13µ12)
d6µ32 (a1, d1, d2 ≥ 1; a2, a3, a4, d3, d4, d5, d6 ≥ 0),

(9) ∧ (14) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32

(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · · (µ23µ21)
f5(µ12µ21)

f6(µ31µ21)
f7

(µ12µ32)
f8µ31 (a1, f1, f4 ≥ 1; a2, a3, a4, f2, f3, f5, f6, f7, f8 ≥ 0),

(9) ∧ (20) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32µ
−1
32

(a1 ≥ 1; a2, a3, a4 ≥ 0),

(9) ∧ (3) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4−1

µ21µ31µ32µ12 (a1, a4 ≥ 1; a2, a3 ≥ 0),

(10) ∧ (3) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31µ32µ12

(b1 ≥ 1; b2, b3, b4 ≥ 0),

(10) ∧ (5) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31µ21µ23

(b1 ≥ 1; b2, b3, b4 ≥ 0),

(10) ∧ (8) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4

µ31(µ13µ23)
xµ21 (b1, x ≥ 1; b2, b3, b4 ≥ 0),

(10) ∧ (9) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4

µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32

(b1, a1 ≥ 1; b2, b3, b4, a2, a3, a4 ≥ 0),

(10) ∧ (11) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4

µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4(µ12µ32)
c5

(µ23µ21)
c6µ31 (b1, c1, c2 ≥ 1; b2, b3, b4, c3, c4, c5, c6 ≥ 0),

(10) ∧ (13) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5(µ21µ12)

e6

(µ32µ12)
e7(µ21µ31)

e8µ32 (b1, e1, e4 ≥ 1; b2, b3, b4, e2e3, e5, e6, e7, e8 ≥ 0),
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(10) ∧ (19) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31µ
−1
31

(b1 ≥ 1; b2, b3, b4 ≥ 0),

(10) ∧ (6) : w = µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4−1

µ12µ32µ31µ21 (b1, b4 ≥ 1; b2, b3 ≥ 0),

(11) ∧ (3) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31µ32µ12 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0),

(11) ∧ (5) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31µ21µ23 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0),

(11) ∧ (8) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31(µ13µ23)
xµ21 (c1, c2, x ≥ 1; c3, c4, c5, c6 ≥ 0),

(11) ∧ (9) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32

(c1, c2, a1 ≥ 1; c3, c4, c5, c6, a2, a3, a4 ≥ 0),

(11) ∧ (11) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31µ13(µ12µ21)
c
′
1(µ12µ32)

c
′
2(µ23µ21)

c
′
3 · · · (µ12µ21)

c
′
4

(µ12µ32)
c
′
5(µ23µ21)

c
′
6µ31 (c1, c2, c

′

1, c
′

2 ≥ 1; c3, c4, c5, c6, c
′

3, c
′

4, c
′

5, c
′

6 ≥ 0),

(11) ∧ (13) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · ·
(µ13µ12)

e5(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32

(c1, c2, e1, e4 ≥ 1; c3, c4, c5, c6, e2, e3, e5, e6, e7, e8 ≥ 0),

(11) ∧ (19) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5(µ23µ21)

c6µ31µ
−1
31 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0).

In the relation (11), if we take c6 = 0 and c5 ≥ 1 then we have the intersection
(11) ∧ (6) as follows.

(11) ∧ (6) : w = µ31µ13(µ12µ21)
c1(µ12µ32)

c2(µ23µ21)
c3 · · · (µ12µ21)

c4

(µ12µ32)
c5−1µ12µ32µ31µ21 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0).

Similarly, in the relation (12), if d6 = 0 and d5 ≥ 1 then we have

(12)µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5−1µ21µ31µ32 − µ21µ31µ32µ23µ32(µ12µ21)

d1(µ31µ21)
d2−1

(µ12µ13)
d3 · · · (µ12µ21)

d4(µ31µ21)
d5−1µ31µ21

(d1, d2, d5 ≥ 1; d3, d4, d6 ≥ 0),

and we get the intersection composition (12) ∧ (3) as follows.

(12) ∧ (3) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5−1µ21µ31µ32µ12.
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We also have the following ambiguities.

(12) ∧ (4) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32µ12µ13 (d1, d2 ≥ 1; d3, d4, d5, d6 ≥ 0),

(12) ∧ (6) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32µ31µ21 (d1, d2 ≥ 1; d3, d4, d5, d6 ≥ 0),

(12) ∧ (10) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

(d1, d2, b1 ≥ 1; d3, d4, d5, d6, b2, b3, b4 ≥ 0),

(12) ∧ (12) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32µ23(µ21µ12)
d
′
1(µ21µ31)

d
′
2(µ13µ12)

d
′
3 · · · (µ21µ12)

d
′
4

(µ21µ31)
d
′
5(µ13µ12)

d
′
6µ32 (d1, d2, d

′

1, d
′

2 ≥ 1; d3, d4, d5, d6, d
′

3, d
′

4, d
′

5, d
′

6 ≥ 0),

(12) ∧ (14) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31

(d1, d2, f1, f4 ≥ 1; d3, d4, d5, d6, f2, f3, f5, f6, f7, f8 ≥ 0),

(12) ∧ (20) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5(µ13µ12)

d6µ32µ
−1
32 (d1, d2 ≥ 1; d3, d4, d5, d6 ≥ 0),

(13) ∧ (4) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32µ12µ13 (e1, e4 ≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),

(13) ∧ (6) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32µ31µ21 (e1, e4 ≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),

(13) ∧ (10) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32(µ23µ21)

b1(µ12µ32)
b2 · · · (µ23µ21)

b3

(µ12µ32)
b4µ31 (e1, e4, b1 ≥ 1; e2, e3, e5, e6, e7, e8, b2, b3, b4 ≥ 0),

(13) ∧ (12) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32µ23(µ21µ12)

d1(µ21µ31)
d2(µ13µ12)

d3 · · ·
(µ21µ12)

d4(µ21µ31)
d5(µ13µ12)

d6µ32

(e1, e4, d1, d2 ≥ 1; e2, e3, e5, e6, e7, e8, d3, d4, d5, d6 ≥ 0),

(13) ∧ (14) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32(µ23µ21)

f1(µ12µ21)
f2(µ31µ21)

f3(µ12µ32)
f4 · · ·

(µ23µ21)
f5(µ12µ21)

f6(µ31µ21)
f7(µ12µ32)

f8µ31

(e1, e4, f1, f4 ≥ 1; e2, e3, e5, e6, e7, e8, f2, f3, f5, f6, f7, f8 ≥ 0),

(13) ∧ (20) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5

(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8µ32µ

−1
32 (e1, e4 ≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),



Word problem for special braid groups 9

(13) ∧ (3) : w = µ31(µ13µ12)
e1(µ21µ12)

e2(µ32µ12)
e3(µ21µ31)

e4 · · ·
(µ13µ12)

e5(µ21µ12)
e6(µ32µ12)

e7(µ21µ31)
e8−1µ21µ31µ32µ12

(e1, e4,≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),

(14) ∧ (3) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31µ32µ12

(f1, f4 ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(14) ∧ (5) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31µ21µ23

(f1, f4 ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(14) ∧ (8) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31(µ13µ23)

xµ21

(f1, f4, x ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(14) ∧ (9) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31(µ13µ12)

a1(µ21µ31)
a2 · · ·

(µ13µ12)
a3(µ21µ31)

a4µ32

(f1, f4, a1 ≥ 1; f2, f3, f5, f6, f7, f8, a2, a3, a4 ≥ 0),

(14) ∧ (11) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31µ13(µ12µ21)

c1(µ12µ32)
c2

(µ23µ21)
c3 · · · (µ12µ21)

c4(µ12µ32)
c5(µ23µ21)

c6µ31

(f1, f4, c1, c2 ≥ 1; f2, f3, f5, f6, f7, f8, c3, c4, c5, c6 ≥ 0),

(14) ∧ (13) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31(µ13µ12)

e1(µ21µ12)
e2

(µ32µ12)
e3(µ21µ31)

e4 · · · (µ13µ12)
e5(µ21µ12)

e6(µ32µ12)
e7(µ21µ31)

e8µ32

(f1, f4, e1, e4 ≥ 1; f2, f3, f5, f6, f7, f8, e2, e3, e5, e6, e7, e8 ≥ 0),

(14) ∧ (19) : w = µ32(µ23µ21)
f1(µ12µ21)

f2(µ31µ21)
f3(µ12µ32)

f4 · · ·
(µ23µ21)

f5(µ12µ21)
f6(µ31µ21)

f7(µ12µ32)
f8µ31µ

−1
31

(f1, f4 ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(15) ∧ (21) : w = µ12µ
−1
12 µ12, (16) ∧ (22) : w = µ13µ

−1
13 µ13,

(18) ∧ (24) : w = µ23µ
−1
23 µ23, (19) ∧ (25) : w = µ31µ

−1
31 µ31,

(21) ∧ (15) : w = µ−1
12 µ12µ

−1
12 , (22) ∧ (16) : w = µ−1

13 µ13µ
−1
13 ,

(23) ∧ (2) : w = µ−1
21 µ21µ23µ13, (23) ∧ (17) : w = µ−1

21 µ21µ
−1
21 ,

(17) ∧ (23) : w = µ21µ
−1
21 µ21, (20) ∧ (26) : w = µ32µ

−1
32 µ32,

(23) ∧ (7) : w = µ−1
21 µ21(µ12µ13)

xµ23 (x ≥ 1),

(24) ∧ (1) : w = µ−1
23 µ23µ13µ12, (24) ∧ (18) : w = µ−1

23 µ23µ
−1
23 ,

(25) ∧ (3) : w = µ−1
31 µ31µ32µ12, (25) ∧ (5) : w = µ−1

31 µ31µ21µ23,

(25) ∧ (8) : w = µ−1
31 µ31(µ13µ23)

xµ21 (x ≥ 1),
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(25) ∧ (9) : w = µ−1
31 µ31(µ13µ12)

a1(µ21µ31)
a2 · · · (µ13µ12)

a3

(µ21µ31)
a4µ32 (a1 ≥ 1; a2, a3, a4 ≥ 0),

(25) ∧ (11) : w = µ−1
31 µ31µ13(µ12µ21)

c1(µ12µ32)
c2(µ23µ21)

c3 · · ·
(µ12µ21)

c4(µ12µ32)
c5(µ23µ21)

c6µ31 (c1, c2 ≥ 1; c3, c4, c5, c6 ≥ 0),

(25) ∧ (13) : w = µ−1
31 µ31(µ13µ12)

e1(µ21µ12)
e2(µ32µ12)

e3(µ21µ31)
e4 · · ·

(µ13µ12)
e5(µ21µ12)

e6(µ32µ12)
e7(µ21µ31)

e8µ32

(e1, e4 ≥ 1; e2, e3, e5, e6, e7, e8 ≥ 0),

(25) ∧ (19) : w = µ−1
31 µ31µ

−1
31 , (26) ∧ (4) : w = µ−1

32 µ32µ12µ13,

(26) ∧ (6) : w = µ−1
32 µ32µ31µ21,

(26) ∧ (10) : w = µ−1
32 µ32(µ23µ21)

b1(µ12µ32)
b2 · · · (µ23µ21)

b3

(µ12µ32)
b4µ31 (b1 ≥ 1; b2, b3, b4 ≥ 0),

(26) ∧ (12) : w = µ−1
32 µ32µ23(µ21µ12)

d1(µ21µ31)
d2(µ13µ12)

d3 · · ·
(µ21µ12)

d4(µ21µ31)
d5(µ13µ12)

d6µ32

(d1, d2 ≥ 1; d3, d4, d5, d6 ≥ 0),

(26) ∧ (14) : w = µ−1
32 µ32(µ23µ21)

f1(µ12µ21)
f2(µ31µ21)

f3(µ12µ32)
f4 · · ·

(µ23µ21)
f5(µ12µ21)

f6(µ31µ21)
f7(µ12µ32)

f8µ31

(f1, f4 ≥ 1; f2, f3, f5, f6, f7, f8 ≥ 0),

(26) ∧ (20) : w = µ−1
32 µ32µ

−1
32 .

All these ambiguities are trivial. Let us show some of them as follows.

(9) ∧ (10) : w = µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4

µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

(a1, b1 ≥ 1; a2, a3, a4, b2, b3, b4 ≥ 0),

(f, g)w = (µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ32

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4)

(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31 −
µ31(µ13µ12)

a1(µ21µ31)
a2 · · · (µ13µ12)

a3(µ21µ31)
a4

(µ32(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

−µ21µ31µ32µ23(µ21µ23)
b1−1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4)

= µ31(µ13µ12)
a1(µ21µ31)

a2 · · · (µ13µ12)
a3(µ21µ31)

a4µ21µ31µ32µ23

(µ21µ23)
b1−1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

µ31µ21µ23(µ21µ23)
b1−1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31
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≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

µ23µ21µ31(µ21µ23)
b1−1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
2

µ31µ23µ21(µ21µ23)
b1−2(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31.

If the reduction process is repeated b1 times then we get

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1µ31(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1µ31µ32µ12(µ32µ12)

b2−1 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)µ31(µ32µ12)
b2−1 · · · (µ21µ23)

b3(µ32µ12)
b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
2µ31(µ32µ12)

b2−2 · · · (µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31.

Similarly, we repeat reduction processes b2 times then we obtain

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1(µ32µ12)

b2 · · ·µ31(µ21µ23)
b3(µ32µ12)

b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31.

We obtain the relation as follows when we continous reduction processes b3 times.

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ32µ12)
b2 · · · (µ21µ23)

b3µ31(µ32µ12)
b4

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4(µ23µ21)
b1

(µ12µ32)
b2 · · · (µ23µ21)

b3(µ12µ32)
b4µ31.
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Lastly, we repeat the same process b4 times then we get

≡ µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1(µ32µ12)

b2 · · · (µ21µ23)
b3(µ32µ12)

b4µ31

−µ12µ32µ31µ13(µ12µ13)
a1−1(µ31µ21)

a2 · · · (µ12µ13)
a3(µ31µ21)

a4

(µ23µ21)
b1(µ12µ32)

b2 · · · (µ23µ21)
b3(µ12µ32)

b4µ31 ≡ 0.

Now we give more examples as follows.

(23) ∧ (2) : w = µ−1
21 µ21µ23µ13

(f, g)w = (µ−1
21 µ21 − 1)µ23µ13 − µ−1

21 (µ21µ23µ13 − µ13µ23µ21)

= µ−1
21 µ13µ23µ21 − µ23µ13

≡ µ21µ
−1
21 µ13µ23µ21 − µ21µ23µ13

≡ µ13µ23µ21 − µ21µ23µ13 ≡ 0.

(12) ∧ (3) : w = µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · ·

(µ21µ12)
d4(µ21µ31)

d5−1µ21µ31µ32µ12

(f, g)w = (µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · ·

(µ21µ12)
d4(µ21µ31)

d5−1µ21µ31µ32

−µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ31µ21)µ12

−µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · ·

(µ21µ12)
d4(µ21µ31)

d5−1µ21(µ31µ32µ12 − µ12µ32µ31)

= µ32µ23(µ21µ12)
d1(µ21µ31)

d2(µ13µ12)
d3 · · · (µ21µ12)

d4

(µ21µ31)
d5−1µ21µ12µ32µ31

−µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ31µ21µ12

≡ µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ12µ21µ31

−µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ31µ21µ12

≡ µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ12µ21µ31

−µ21µ31µ32µ23µ32(µ12µ21)
d1(µ31µ21)

d2−1(µ12µ13)
d3 · · ·

(µ12µ21)
d4(µ31µ21)

d5−1µ12µ21µ31 ≡ 0.

It is seen that there are no any inclusion compositions of relations (1)−(26). Hence
the result. 2

Now we present second main result of this section. In the following result, we
give a Gröbner-Shirshov basis of pure virtual braid group PVn for n ≥ 4. Since
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n ≥ 4 we use the relation µijµkl = µklµij ({i, j}∩{k, l} = ∅) given in (2) to obtain
Gröbner-Shirshov basis. As seen this type of relation makes the Gröbner-Shirshov
basis quite complicated.

Theorem 2.2. A Gröbner-Shirshov basis of pure virtual braid group PVn for n ≥
4 consists of the following relations:

For i > k > j and i ≥ z3 > z2 > z1 ≥ j

{a1, a2} ∩ {k, i} = ∅ and {b1, b2} ∩ {k, j} = ∅ and

{c1, c2} ∩ {i, k} = ∅
(1A) µijµkj(µz1z2µz1z3)

x(µa1a2)
yµki − µkiµkjµij(µz1z3µz1z2)

x(µa1a2)
y,

(1B) µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkj − µkiµkjµijµji(µz2z3µz1z3)
x

(µb1b2)
y,

(1C) µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµik − µjkµikµijµji(µz3z1µz2z1)
x

(µc1c2)
y,

For k > i > j and k ≥ z3 > z2 > z1 ≥ j

{a1, a2} ∩ {i, k} = ∅ and {b1, b2} ∩ {i, j} = ∅
(2A) µijµjiµjk(µz1z2µz1z3)

x(µa1a2)
yµik − µjkµikµijµji(µz1z3µz1z2)

x

(µa1a2)
y,

(2B) µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµij − µijµkjµki(µz3z2µz3z1)
x(µb1b2)

y,

For i > j > k and i ≥ z3 > z2 > z1 ≥ k and

{a1, a2} ∩ {i, k} = ∅
(3) µijµjiµjk(µz2z3µz2z1)

x(µa1a2
)yµik − µjkµikµijµji(µz2z1µz2z3)

x(µa1a2
)y,

For l > i > k > j and l ≥ z3 > z2 > z1 ≥ j

{a1, a2} ∩ {k, i} = ∅ and {b1, b2} ∩ {k, l} = ∅
(4A) µijµkjµjl(µz1z2µz1z3)

x(µa1a2)
yµki − µkiµkjµijµjl(µz1z3µz1z2)

x(µa1a2)
y,

(4B) µijµjkµjl(µz1z2µz1z3)
x(µb1b2)

yµkl − µklµijµjlµjk(µz1z3µz1z2)
x(µb1b2)

y,

For l > k > i > j and l ≥ z3 > z2 > z1 ≥ j and

{a1, a2} ∩ {i, j} = ∅
(5) µkiµkj(µz1z2µz1z3)

x(µa1a2)
yµij − µijµkjµki(µz1z3µz1z2)

x(µa1a2)
y,

For j > i > k > l and j ≥ z3 > z2 > z1 ≥ l

{a1, a2} ∩ {k, i} = ∅ and {b1, b2} ∩ {k, l} = ∅
(6A) µijµkj(µz1z2µz1z3)

x(µa1a2)
yµki − µkiµkjµij(µz1z3µz1z2)

x(µa1a2)
y,

(6B) µijµkjµlj(µz1z2µz1z3)
x(µa1a2)

yµki − µkiµkjµijµlj(µz1z3µz1z2)
x(µa1a2)

y,
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(6C) µijµliµki(µz1z2µz3z2)
x(µb1b2)

yµkl − µklµijµkiµli(µz3z2µz1z2)
x(µb1b2)

y,

(6D) µijµljµkj(µz1z2µz3z2)
x(µb1b2)

yµkl − µklµijµkjµlj(µz3z2µz1z2)
x(µb1b2)

y,

For j > k > i > l and j ≥ z3 > z2 > z1 ≥ l and

{a1, a2} ∩ {i, j} = ∅
(7A) µkiµkj(µz1z2µz1z3)

x(µa1a2)
yµij − µijµkjµki(µz1z3µz1z2)

x(µa1a2)
y,

(7B) µkiµkjµlk(µz1z2µz1z3)
x(µa1a2)

yµij − µijµkjµkiµlk(µz1z3µz1z2)
x(µa1a2)

y,

For i > j > k > l and i ≥ z3 > z2 > z1 ≥ l and

i ≥ p2 > p1 ≥ l

{a1, a2} ∩ {k, i} = ∅ and {b1, b2} ∩ {k, l} = ∅
(8A) µijµkj(µz1z2µz1z3)

x(µa1a2)
yµki − µkiµkjµij(µz1z3µz1z2)

x(µa1a2)
y,

(8B) µijµkj(µp1p2)
x1(µz1z2µz1z3)

x(µa1a2)
yµki −

µkiµkjµij(µp1p2)
x1(µz1z3µz1z2)

x(µa1a2)
y,

(8C) µijµkj(µz1z2µz1z3)
x(µp1p2)

x1µki(µa1a2)
y −

µkiµkjµij(µz1z3µz1z2)
x(µp1p2)

x1(µa1a2)
y,

(8D) µij(µz1z3µz2z3)
x(µb1b2)

yµkl − µklµij(µz2z3µz1z3)
x(µb1b2)

y,

For i > k > l > j and i ≥ z3 > z2 > z1 ≥ j and

i ≥ p4 > p3 > p2 > p1 ≥ j and i ≥ u3 > u2 > u1 ≥ j and

{a1, a2} ∩ {k, i} = ∅ and {b1, b2} ∩ {k, l} = ∅
(9A) µij(µp1p2)

x1(µz1z2µz1z3)
x(µp4p3)

x2(µa1a2)
yµki −

µkiµij(µp1p2)
x1(µz1z3µz1z2)

x(µp4p3)
x2(µa1a2)

y,

(9B) µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµkl −

µklµij(µu3u1µu2u1)
x1(µz2z3µz1z3)

x(µb1b2)
y,

(9C) µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµkl −

µklµij(µu1u2µu1u3)
x1(µz2z3µz1z3)

x(µb1b2)
y,

(9D) µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµkl −

µklµijµji(µu2u3µu1u3)
x(µz3z1µz2z1)

x1(µb1b2)
y,

For k > l > i > j and k ≥ z3 > z2 > z1 ≥ i and

{a1, a2} ∩ {i, j} = ∅
(10A) µkiµkj(µz1z3µz2z3)

x(µa1a2)
yµij − µijµkjµki(µz2z3µz1z3)

x(µa1a2)
y,

(10B) µkiµkjµjlµil(µz2z1µz3z1)
x(µa1a2)

yµij −
µijµkjµkiµilµjl(µz3z1µz2z1)

x(µa1a2)
y,

For k > j > i > l and k ≥ z3 > z2 > z1 ≥ l

k ≥ p4 > p3 > p2 > p1 ≥ l and {a1, a2} ∩ {i, j} = ∅



Word problem for special braid groups 15

(11) µkiµkj(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµij −
µijµkjµki(µp1p2)

x1(µz1z3µz1z2)
x(µp4p3)

x2(µa1a2)
y,

For k > i > l > j and k ≥ z3 > z2 > z1 ≥ j and

k ≥ p4 > p3 > p2 > p1 ≥ j and

k ≥ u3 > u2 > u1 ≥ j and {a1, a2} ∩ {i, j} = ∅
(12A) µkiµkj(µu1u2µu3u2)

x1(µz2z3µz2z1)
x(µp2p1)

x2(µa1a2)
yµij −

µijµkjµki(µu3u2µu1u2)
x1(µz2z1µz2z3)

x(µp2p1)
x2(µa1a2)

y,

(12B) µkiµkj(µu1u3µu2u3)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

yµij −
µijµkjµki(µu2u3µu1u3)

x1(µz2z1µz2z3)
x(µp2p1)

x2(µa1a2)
y,

(12C) µkiµkj(µp1p2)
x1(µp4p3)

x2(µa1a2)
yµij −

µijµkjµki(µp2p1
)x1(µp4p3

)x2(µa1a2
)y,

For i > k and {i, j} ∩ {k, l} = ∅
(13) µijµkl − µklµij ,

For 1 ≤ r ̸= s ≤ n

(14A) µrsµ
−1
rs − 1, (14B)µ

−1
rs µrs − 1,

where x, x1, x2, y ≥ 0.

Proof. We need to prove that all compositions among relations (1A) − (14B)
are trivial. To do that, firstly, we consider the intersection compositions of these
relations. It should be noted that the compositions to be written below are the
compositions that occur for n = 4. Certainly, the relations in Theorem 2.2 are
written for n ≥ 4, and are provided for n ≥ 4. Here we would like to be more
understandable and applicable. Considering n ≥ 4, it comes with some similar
additional intersections and they are also trivial.

For x > 1 in any relation above, let us take x = 2 in the relation (1A) then we
have

(1A) µijµkj(µz1z2µz1z3)(µz1z2µz1z3)(µa1a2)
yµki −

µkiµkjµij(µz1z3µz1z2)(µz1z3µz1z2)(µa1a2)
y.

Note that the words (µz1z2µz1z3) and (µz1z2µz1z3) are just at the same word form.
These words can be different words according to corresponding order given in (1A).
The logic described here is valid for all x, x1, x2 and y in this theorem. Hence, we
have the following ambiguties w:

(1A) ∧ (6A) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµti

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(1A) ∧ (6B) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµtiµli
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(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(1A) ∧ (6C) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµtkµpk

(µz1z2µz3z2)
x
′

(µb1b2)
yµpt,

(1A) ∧ (6D) : w = µijµkj(µz1z2µz1z3)
x(µa1a2

)yµkiµtiµpi

(µz1z2µz3z2)
x
′

(µb1b2)
yµpt,

(1A) ∧ (13) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµtl,

(1A) ∧ (14A) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµ
−1
ki ,

(1B) ∧ (2A) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµjkµjt

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(1B) ∧ (2B) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµkt

(µz1z3µz2z3)
x
′

(µb1b2)
y
′

µjt,

(1B) ∧ (3) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµjkµjt

(µz2z3µz2z1)
x
′

(µa1a2)
yµkt,

(1B) ∧ (13) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµtl,

(1B) ∧ (14A) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµ
−1
kj ,

(1B) ∧ (5) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(1B) ∧ (7A) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(1B) ∧ (7B) : w = µijµjiµkiµji(µz1z3µz2z3)
x(µb1b2)

yµkjµktµlk

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(1C) ∧ (2A) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµkiµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµit,

(1C) ∧ (2B) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit

(µz1z3µz2z3)
x
′

(µb1b2)
yµkt,

(1C) ∧ (3) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµkiµkt

(µz2z3µz2z1)
x
′

(µa1a2)
yµit,

(1C) ∧ (5) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(1C) ∧ (7A) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit
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(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(1C) ∧ (7B) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµitµli

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(1C) ∧ (8A) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµtk

(µz1z2µz1z3)
x
′

(µa1a2)
yµti,

(1C) ∧ (8B) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµtk

(µp1p2
)x1(µz1z2µz1z3)

x
′

(µa1a2
)yµti,

(1C) ∧ (8C) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµtk

(µz1z2µz1z3)
x
′

(µp1p2)
x1(µa1a2)

yµti,

(1C) ∧ (8D) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµik

(µz1z3µz2z3)
x
′

(µb1b2)
yµtl,

(1C) ∧ (12A) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit

(µu1u2µu3u2)
x1(µz2z3µz2z1)

x
′

(µp2p1)
x2(µa1a2)

yµkt,

(1C) ∧ (12B) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit

(µu1u3µu2u3)
x1(µz2z3µz2z1)

x
′

(µp2p1)
x2(µa1a2)

yµkt,

(1C) ∧ (12C) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµit

(µp1p2)
x1(µp4p3)

x2(µa1a2)
yµkt,

(1C) ∧ (13) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµtl,

(1C) ∧ (14A) : w = µijµjiµjk(µz2z1µz3z1)
x(µc1c2)

yµikµ
−1
ik ,

(2A) ∧ (6A) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµtk

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µti,

(2A) ∧ (6B) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµtkµlk

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µti,

(2A) ∧ (6C) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµli

µti(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(2A) ∧ (6D) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµlk

µtk(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(2A) ∧ (13) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµtl,

(2A) ∧ (14A) : w = µijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµikµ
−1
ik ,

(2B) ∧ (2A) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµjiµjk

(µz1z2µz1z3)
x
′

(µa1a2)
yµik,
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(2B) ∧ (2B) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµit

(µz1z3µz2z3)
x
′

(µb1b2)
y
′

µjt,

(2B) ∧ (3) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµjiµjk

(µz2z3µz2z1)
x
′

(µa1a2)
yµik,

(2B) ∧ (5) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµit

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(2B) ∧ (7A) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµit

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(2B) ∧ (7B) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµitµli

(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(2B) ∧ (13) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµtl,

(2B) ∧ (14A) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµ
−1
ij ,

(3) ∧ (1A) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµtk

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µti,

(3) ∧ (1B) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµik

µkiµtiµki(µz1z3µz2z3)
x
′

(µb1b2)
yµtk,

(3) ∧ (1C) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµkiµkt

(µz2z1µz3z1)
x
′

(µc1c2)
yµit,

(3) ∧ (2A) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµkiµkt

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µit,

(3) ∧ (2B) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµit

(µz1z3µz2z3)
x
′

(µb1b2)
yµkt,

(3) ∧ (4A) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµtkµkl

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µti,

(3) ∧ (4B) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµktµkl

(µz1z2µz1z3)
x
′

(µb1b2)
yµtl,

(3) ∧ (9A) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµik(µp1p2)
x1

(µz1z2µz1z3)
x
′

(µp4p3
)x2(µa1a2

)y
′

µti,

(3) ∧ (9B) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµik

(µu2u1µu3u1)
x1(µz1z3µz2z3)

x
′

(µb1b2)
yµtl,

(3) ∧ (9C) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµik

(µu1u3µu1u2)
x1(µz1z3µz2z3)

x
′

(µb1b2)
yµtl,
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(3) ∧ (9D) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµki

(µu1u3µu2u3)
x
′

(µz2z1µz3z1)
x1(µb1b2)

yµtl,

(3) ∧ (11) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµit

(µp1p2)
x1(µz1z2µz1z3)

x
′

(µp4p3)
x2(µa1a2)

y
′

µkt,

(3) ∧ (13) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµtl,

(3) ∧ (14A) : w = µijµjiµjk(µz2z3µz2z1)
x(µa1a2)

yµikµ
−1
ik ,

(4A) ∧ (6A) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµkiµti

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(4A) ∧ (6B) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµkiµtiµli

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(4A) ∧ (6C) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2

)yµkiµlkµtk

(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(4A) ∧ (6D) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµkiµliµti

(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(4A) ∧ (13) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµkiµtp,

(4A) ∧ (14) : w = µijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµkiµ
−1
ki ,

(4B) ∧ (13) : w = µijµjkµjl(µz1z2µz1z3)
x(µb1b2)

yµklµtp,

(4B) ∧ (14A) : w = µijµjkµjl(µz1z2µz1z3)
x(µb1b2)

yµklµ
−1
kl ,

(5) ∧ (13) : w = µkiµkj(µz1z2µz1z3)
x(µa1a2

)yµijµtp,

(5) ∧ (14A) : w = µkiµkj(µz1z2µz1z3)
x(µa1a2)

yµijµ
−1
ij ,

(6A) ∧ (13) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµtp,

(6A) ∧ (14A) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµ
−1
ki ,

(6B) ∧ (13) : w = µijµkjµlj(µz1z2µz1z3)
x(µa1a2)

yµkiµtp,

(6B) ∧ (14A) : w = µijµkjµlj(µz1z2µz1z3)
x(µa1a2

)yµkiµ
−1
ki ,

(6C) ∧ (13) : w = µijµliµki(µz1z2µz3z2)
x(µb1b2)

yµklµtp,

(6C) ∧ (14A) : w = µijµliµki(µz1z2µz3z2)
x(µb1b2)

yµklµ
−1
kl ,

(6D) ∧ (13) : w = µijµljµkj(µz1z2µz3z2)
x(µb1b2)

yµklµtp,

(6D) ∧ (14A) : w = µijµljµkj(µz1z2µz3z2)
x(µb1b2)

yµklµ
−1
kl ,

(7A) ∧ (13) : w = µkiµkj(µz1z2µz1z3)
x(µa1a2

)yµijµtp,

(7A) ∧ (14A) : w = µkiµkj(µz1z2µz1z3)
x(µa1a2)

yµijµ
−1
ij ,

(7B) ∧ (13) : w = µkiµkjµlk(µz1z2µz1z3)
x(µa1a2)

yµijµtp,

(7B) ∧ (14A) : w = µkiµkjµlk(µz1z2µz1z3)
x(µa1a2)

yµijµ
−1
ij ,
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(8A) ∧ (13) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµtp,

(8A) ∧ (14A) : w = µijµkj(µz1z2µz1z3)
x(µa1a2)

yµkiµ
−1
ki ,

(8B) ∧ (13) : w = µijµkj(µp1p2)
x1(µz1z2µz1z3)

x(µa1a2)
yµkiµtp,

(8B) ∧ (14A) : w = µijµkj(µp1p2)
x1(µz1z2µz1z3)

x(µa1a2)
yµkiµ

−1
ki ,

(8C) ∧ (13) : w = µijµkj(µz1z2µz1z3)
x(µp1p2

)x1(µa1a2
)yµkiµtp,

(8C) ∧ (14A) : w = µijµkj(µz1z2µz1z3)
x(µp1p2)

x1(µa1a2)
yµkiµ

−1
ki ,

(8D) ∧ (2A) : w = µij(µz1z3µz2z3)
x(µb1b2)

yµklµlkµlt

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(8D) ∧ (13) : w = µij(µz1z3µz2z3)
x(µb1b2)

yµklµtp,

(8D) ∧ (14A) : w = µij(µz1z3µz2z3)
x(µb1b2)

yµklµ
−1
kl ,

(9A) ∧ (6A) : w = µij(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµkiµti

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(9A) ∧ (6B) : w = µij(µp1p2
)x1(µz1z2µz1z3)

x(µp4p3
)x2(µa1a2

)yµkiµtiµli

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µtk,

(9A) ∧ (6C) : w = µij(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµkiµlkµtk

(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(9A) ∧ (6D) : w = µij(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµkiµliµti

(µz1z2µz3z2)
x
′

(µb1b2)
yµtl,

(9A) ∧ (13) : w = µij(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµkiµtp,

(9A) ∧ (14A) : w = µij(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµkiµ
−1
ki ,

(9B) ∧ (2A) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµlkµlt

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(9B) ∧ (2B) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµkt

(µz1z3µz2z3)
x
′

(µb1b2)
y
′

µlt,

(9B) ∧ (3) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµlkµlt

(µz2z3µz2z1)
x
′

(µa1a2)
yµkt,

(9B) ∧ (5) : w = µij(µu2u1
µu3u1

)x1(µz1z3µz2z3)
x(µb1b2)

yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9B) ∧ (7A) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2
)yµlt,

(9B) ∧ (7B) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµktµnk

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,
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(9B) ∧ (13) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµtp,

(9B) ∧ (14A) : w = µij(µu2u1µu3u1)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµ

−1
kl ,

(9C) ∧ (2A) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµlkµlt

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(9C) ∧ (2B) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµkt

(µz1z3µz2z3)
x
′

(µb1b2)
y
′

µlt,

(9C) ∧ (3) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµlkµlt

(µz2z3µz2z1)
x
′

(µa1a2)
yµkt,

(9C) ∧ (5) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9C) ∧ (7A) : w = µij(µu1u3
µu1u2

)x1(µz1z3µz2z3)
x(µb1b2)

yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9C) ∧ (7B) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµktµnk

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9C) ∧ (13) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµtp,

(9C) ∧ (14A) : w = µij(µu1u3µu1u2)
x1(µz1z3µz2z3)

x(µb1b2)
yµklµ

−1
kl ,

(9D) ∧ (2A) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµlkµlt

(µz1z2µz1z3)
x
′

(µa1a2)
yµkt,

(9D) ∧ (2B) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµkt

(µz1z3µz2z3)
x
′

(µb1b2)
y
′

µlt,

(9D) ∧ (3) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµlkµlt

(µz2z3µz2z1)
x
′

(µa1a2)
yµkt,

(9D) ∧ (5) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9D) ∧ (7A) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµkt

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9D) ∧ (7B) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµktµnk

(µz1z2µz1z3)
x
′

(µa1a2)
yµlt,

(9D) ∧ (13) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµtp,

(9D) ∧ (14A) : w = µijµji(µu1u3µu2u3)
x(µz2z1µz3z1)

x1(µb1b2)
yµklµ

−1
kl ,

(10A) ∧ (2A) : w = µkiµkj(µz1z3µz2z3)
x(µa1a2)

yµijµjk

(µz1z2µz1z3)
x
′

(µa1a2)
y
′

µik,
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(10A) ∧ (13) : w = µkiµkj(µz1z3µz2z3)
x(µa1a2)

yµijµtp,

(10A) ∧ (14A) : w = µkiµkj(µz1z3µz2z3)
x(µa1a2)

yµijµ
−1
ij ,

(10B) ∧ (2A) : w = µkiµkjµjlµil(µz2z1µz3z1)
x(µa1a2)

yµijµjiµjk

(µz1z2µz1z3)
x(µa1a2)

y
′

µik,

(10B) ∧ (13) : w = µkiµkjµjlµil(µz2z1µz3z1)
x(µa1a2)

yµijµtp,

(10B) ∧ (14A) : w = µkiµkjµjlµil(µz2z1µz3z1)
x(µa1a2)

yµijµ
−1
ij ,

(11) ∧ (13) : w = µkiµkj(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµijµtp,

(11) ∧ (14A) : w = µkiµkj(µp1p2)
x1(µz1z2µz1z3)

x(µp4p3)
x2(µa1a2)

yµijµ
−1
ij ,

(12A) ∧ (13) : w = µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

y

µijµtp,

(12A) ∧ (14A) : w = µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

y

µijµ
−1
ij ,

(12B) ∧ (13) : w = µkiµkj(µu1u3µu2u3)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

y

µijµtp,

(12B) ∧ (14A) : w = µkiµkj(µu1u3µu2u3)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

y

µijµ
−1
ij ,

(12C) ∧ (13) : w = µkiµkj(µp1p2)
x1(µp4p3)

x2(µa1a2)
yµijµtp,

(12C) ∧ (14A) : w = µkiµkj(µp1p2)
x1(µp4p3)

x2(µa1a2)
yµijµ

−1
ij ,

(13) ∧ (2A) : w = µktµijµjiµjk(µz1z2µz1z3)
x(µa1a2)

yµik,

(13) ∧ (4A) : w = µltµijµkjµjl(µz1z2µz1z3)
x(µa1a2)

yµki,

(13) ∧ (4B) : w = µltµijµjkµjl(µz1z2µz1z3)
x(µb1b2)

yµkl,

(13) ∧ (5) : w = µltµkiµkj(µz1z2µz1z3)
x(µa1a2)

yµij ,

(13) ∧ (7A) : w = µjtµkiµkj(µz1z2µz1z3)
x(µa1a2)

yµij ,

(13) ∧ (7B) : w = µjtµkiµkjµlk(µz1z2µz1z3)
x(µa1a2)

yµij ,

(13) ∧ (13) : w = µijµklµtp,

(13) ∧ (14A) : w = µijµklµ
−1
kl ,

(14A) ∧ (14B) : w = µ−1
rs µrsµ

−1
rs ,

(14B) ∧ (1A) : w = µ−1
ij µijµkj(µz1z2µz1z3)

x(µa1a2
)yµki,

(14B) ∧ (1B) : w = µ−1
ij µijµjiµkiµji(µz1z3µz2z3)

x(µb1b2)
yµkj ,

(14B) ∧ (1C) : w = µ−1
ij µijµjiµjk(µz2z1µz3z1)

x(µc1c2)
yµik,

(14B) ∧ (2A) : w = µ−1
ij µijµjiµjk(µz1z2µz1z3)

x(µa1a2)
yµik,

(14B) ∧ (2B) : w = µ−1
ki µkiµkj(µz1z3µz2z3)

x(µb1b2)
yµij ,

(14B) ∧ (3) : w = µ−1
ij µijµjiµjk(µz2z3µz2z1)

x(µa1a2)
yµik,

(14B) ∧ (4A) : w = µ−1
ij µijµkjµjl(µz1z2µz1z3)

x(µa1a2)
yµki,

(14B) ∧ (4B) : w = µ−1
ij µijµjkµjl(µz1z2µz1z3)

x(µb1b2)
yµkl,
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(14B) ∧ (5) : w = µ−1
ki µkiµkj(µz1z2µz1z3)

x(µa1a2)
yµij ,

(14B) ∧ (6A) : w = µ−1
ij µijµkj(µz1z2µz1z3)

x(µa1a2)
yµki,

(14B) ∧ (6B) : w = µ−1
ij µijµkjµlj(µz1z2µz1z3)

x(µa1a2)
yµki,

(14B) ∧ (6C) : w = µ−1
ij µijµliµki(µz1z2µz3z2)

x(µb1b2)
yµkl,

(14B) ∧ (6D) : w = µ−1
ij µijµljµkj(µz1z2µz3z2)

x(µb1b2)
yµkl,

(14B) ∧ (7A) : w = µ−1
ki µkiµkj(µz1z2µz1z3)

x(µa1a2)
yµij ,

(14B) ∧ (7B) : w = µ−1
ki µkiµkjµlk(µz1z2µz1z3)

x(µa1a2)
yµij ,

(14B) ∧ (8A) : w = µ−1
ij µijµkj(µz1z2µz1z3)

x(µa1a2)
yµki,

(14B) ∧ (8B) : w = µ−1
ij µijµkj(µp1p2)

x1(µz1z2µz1z3)
x(µa1a2)

yµki,

(14B) ∧ (8C) : w = µ−1
ij µijµkj(µz1z2µz1z3)

x(µp1p2)
x1(µa1a2)

yµki,

(14B) ∧ (8D) : w = µ−1
ij µij(µz1z3µz2z3)

x(µb1b2)
yµkl,

(14B) ∧ (9A) : w = µ−1
ij µij(µp1p2)

x1(µz1z2µz1z3)
x(µp4p3)

x2(µa1a2)
yµki,

(14B) ∧ (9B) : w = µ−1
ij µij(µu2u1µu3u1)

x1(µz1z3µz2z3)
x(µb1b2)

yµkl,

(14B) ∧ (9C) : w = µ−1
ij µij(µu1u3µu1u2)

x1(µz1z3µz2z3)
x(µb1b2)

yµkl,

(14B) ∧ (9D) : w = µ−1
ij µijµji(µu1u3µu2u3)

x(µz2z1µz3z1)
x1(µb1b2)

yµkl,

(14B) ∧ (10A) : w = µ−1
ki µkiµkj(µz1z3µz2z3)

x(µa1a2)
yµij ,

(14B) ∧ (10B) : w = µ−1
ki µkiµkjµjlµil(µz2z1µz3z1)

x(µa1a2)
yµij ,

(14B) ∧ (11) : w = µ−1
ki µkiµkj(µp1p2)

x1(µz1z2µz1z3)
x(µp4p3)

x2(µa1a2)
yµij ,

(14B) ∧ (12A) : w = µ−1
ki µkiµkj(µu1u2µu3u2)

x1(µz2z3µz2z1)
x

(µp2p1)
x2(µa1a2)

yµij ,

(14B) ∧ (12B) : w = µ−1
ki µkiµkj(µu1u3µu2u3)

x1(µz2z3µz2z1)
x

(µp2p1)
x2(µa1a2)

yµij ,

(14B) ∧ (12C) : w = µ−1
ki µkiµkj(µp1p2)

x1(µp4p3)
x2(µa1a2)

yµij ,

(14B) ∧ (13) : w = µ−1
ij µijµkl,

(14B) ∧ (14A) : w = µ−1
rs µrsµ

−1
rs .

All these above ambiguties are trivial. Since to show these trivialities has taken
so much times we have proven some of them below. The remaining parts can be
shown in similar ways. Here, it is important to order notations given two relations.
Firstly, we consider the ambigutie of relations (2B) and (7A). It should be noted
here that the ordering j > k > i > l is now t > i > j > l. The notational ordering
for this ambigutie is as follows.

• Ordering for the relation (2B): k > i > j and k ≥ z3 > z2 > z1 ≥ j and
{b1, b2} ∩ {i, j} = ∅.

• Ordering for the relation (7A): t > i > j > l and t ≥ z3 > z2 > z1 ≥ l and
{a1, a2} ∩ {j, t} = ∅.
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Thus we have

(2B) ∧ (7A) : w = µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµijµit(µz1z2µz1z3)
x
′

(µa1a2)
yµjt,

(f, g)w = [µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµij − µijµkjµki(µz2z3µz1z3)
x

(µb1b2)
y]µit(µz1z2µz1z3)

x
′

(µa1a2)
yµjt

−µkiµkj(µz1z3µz2z3)
x(µb1b2)

y[µijµit(µz1z2µz1z3)
x
′

(µa1a2)
yµjt −

µjtµitµij(µz1z3µz1z2)
x
′

(µa1a2)
y]

= µkiµkj(µz1z3µz2z3)
x(µb1b2)

yµjtµitµij(µz1z3µz1z2)
x
′

(µa1a2)
y

−µijµkjµki(µz2z3µz1z3)
x(µb1b2)

yµit(µz1z2µz1z3)
x
′

(µa1a2)
yµjt

= µkiµkj(µz1z3µz2z3)
x(µb1b2)

y µjtµit︸ ︷︷ ︸
∗

µij(µz1z3µz1z2)
x
′

(µa1a2)
y

−µijµkjµki(µz2z3µz1z3)
x(µb1b2)

yµit(µz1z2µz1z3)
x
′

(µa1a2)
yµjt.

Let us take y = 0 to see the proof much easier. Since the word ∗ is of type
µz1z3µz2z3 , by using the relation (2A) we can write,

≡ µijµkjµki(µz2z3µz1z3)
xµitµjt(µz1z3µz1z2)

x
′

−

µijµkjµki(µz2z3µz1z3)
xµit(µz1z2µz1z3)

x
′

µjt.

In case of x
′
= 0, we have

= µijµkjµki(µz2z3µz1z3)
xµitµjt − µijµkjµki(µz2z3µz1z3)

xµitµjt

≡ 0.

In case of x
′ ̸= 0, by using the order given for (7A) we get

≡ µijµkjµki(µz2z3µz1z3)
xµit(µz1z2µz1z3)

x
′

µjt −

µijµkjµki(µz2z3µz1z3)
xµit(µz1z2µz1z3)

x
′

µjt ≡ 0.

Let us consider the other one ambigutie. Ordering of this ambigutie;

• For the relation (12A): k > i > l > j, k ≥ z3 > z2 > z1 ≥ j,
k ≥ p4 > p3 > p2 > p1 ≥ j, k ≥ u3 > u2 > u1 ≥ j
and {a1, a2} ∩ {i, j} = ∅.

• For the relation (13): i > t and {t, p} ∩ {i, j} = ∅.
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(12A) ∧ (13) : w = µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

yµijµtp,

(f, g)w = [µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

yµij

−µijµkjµki(µu3u2µu1u2)
x1(µz2z1µz2z3)

x(µp2p1)
x2(µa1a2)

y]µtp

−µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

y[µijµtp − µtpµij ]

= µkiµkj(µu1u2µu3u2)
x1(µz2z3µz2z1)

x(µp2p1)
x2(µa1a2)

yµtpµij︸ ︷︷ ︸
∗

−µijµkjµki(µu3u2µu1u2)
x1(µz2z1µz2z3)

x(µp2p1)
x2(µa1a2)

yµtp.

On account of the ordering given for the relation (13) and µtp is of the form (µa1a2),
the relation ∗ is of the form (12A). Then we get

≡ µijµkjµki(µu3u2µu1u2)
x1(µz2z1µz2z3)

x(µp2p1)
x2(µa1a2)

yµtp

− µijµkjµki(µu3u2µu1u2)
x1(µz2z1µz2z3)

x(µp2p1)
x2(µa1a2)

yµtp

≡ 0.

Now we consider the intersection composition of the relation (14B) with (10B). For
k > l > i > j, k ≥ z3 > z2 > z1 ≥ i and {a1, a2} ∩ {i, j} = ∅, we have

(14B) ∧ (10B) : w = µ−1
ki µkiµkjµjlµil(µz2z1µz3z1)

x(µa1a2)
yµij ,

(f, g)w = [µ−1
ki µki − 1]µkjµjlµil(µz2z1µz3z1)

x(µa1a2
)yµij

−µ−1
ki [µkiµkjµjlµil(µz2z1µz3z1)

x(µa1a2)
yµij − µijµkjµkiµilµjl

(µz3z1µz2z1)
x(µa1a2)

y] = µ−1
ki µijµkjµkiµilµjl(µz3z1µz2z1)

x(µa1a2)
y

−µkjµjlµil(µz2z1µz3z1)
x(µa1a2)

yµij

≡ µ−1
ki µijµkjµkiµilµjl(µz3z1µz2z1)

x(µa1a2)
y − µkjµjlµil(µz2z1µz3z1)

x

(µa1a2)
yµij

≡ µkiµ
−1
ki µijµkjµkiµilµjl(µz3z1µz2z1)

x(µa1a2)
y − µkiµkjµjlµil

(µz2z1µz3z1)
x(µa1a2)

yµij

≡ µijµkjµkiµilµjl(µz3z1µz2z1)
x(µa1a2)

y − µkiµkjµjlµil(µz2z1µz3z1)
x

(µa1a2)
yµij ≡ 0.

Since there are no any inclusion compositions of relations (1A) − (14B), the
proof is completed. 2

Now let R be the set of relations for pure virtual braid group PV3 given in The-
orem 2.1. Let C(u) be normal form of a word u ∈ PV3. By using the Composition-
Diamond Lemma 1.1 and Theorem 2.1, the normal form for elements of pure virtual
braid group PV3 can be given as follows.

Corollary 2.3. Let u ∈ PV3. Then C(u) consists of one of the following condi-
tions:
(1) The normal form is of the form

(µrksk)
α1(µrjsk)

α2(µrjrk)
α3Wrs
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such that either rk < sk < rj or sk < rk < rj or rk < rj < sk.
(2) The normal form is of the form

(µrksk)
α1(µrksj )

α2(µsksj )
α3Wrs

such that either rk < sk < sj or rk < sj < sk or sj < rk < sk.
The word Wrs is an irreducible word in PV3, α1, α2, α3 ∈ Z and 1 ≤ rk, sk, rj , sj ≤
3.

By considering relations given in Theorem 2.2, it is quite diffucult to find a
specific normal form structure for elements of pure virtual braid group PVn (n ≥ 4).
Because of this, we partially give normal form for elements of PVn (n ≥ 4) as
follows. Let R be the set of relations for pure virtual braid group PVn (n ≥ 4)
given in Theorem 2.2. Let C(u) be normal form of a word u ∈ PVn.

Corollary 2.4. Let u ∈ PVn (n ≥ 4). Then C(u) is of the form
(µr1s1)

α1(µr2s2)
α2Wrs, where the word Wrs is an irreducible word in PVn and

α1, α2, α3 ∈ Z. We also have the following:
(1) If r1 = r2, either s1 > r1 = r2 > s2 or s1 > s2 > r1 = r2 or the normal form is
of the form (µr1s1)

α1(µr2s2)
α2(µr3s3)

α3Wrs such that s2 = s3 and r3 > r2.
(2) If s1 = s2, then r2 > r1.
(3) If s1 = r2, then s1 = r2 > r1 > s2.
(4) If {r1, r2} ∩ {s1, s2} = ∅, then r2 > r1.

Finally, we note that by Corollary 2.3 and Corollary 2.4 we can say the well
known fact that the word problem is solvable for pure virtual braid groups.

Acknowledgement. The authors would like to thank the referee for his/her kind
suggestions and valuable comments that improved the understandability of this
paper.
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